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Visual Intuition - SDEs do Track the Optimizers

0.00 0.05 0.10 0.15 0.20 0.25
X1

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

X 2

Trajectories
SignSGD
ODE (Ph. 1)
Low Bound (Ph. 2)
Up Bound (Ph. 2)
SDE (Full)
SDE (Ph. 3)

0.00

0.04

0.08

0.12

0.16

0.20

0.24

0.28

1 0 1
X1

0.6

0.4

0.2

0.0

0.2

0.4

0.6
X 2

Trajectories
Adam
SDE (Ours)
SDE (Malladi et al.)

0.4

0.0

0.4

0.8

1.2

1.6

2.0

2.4

2.8

2 1 0 1 2
X1

0.6

0.4

0.2

0.0

0.2

0.4

0.6

X 2

Trajectories

AdamW
AdamW SDE
RMSpropW
RMSpropW SDE

2

1

0

1

2

3

4

5

6

1 400 800 1200 1600 2000
Iterations

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Lo
ss

Losses - Transformer
RMSpropW
SDE

SDE Definitions

The (simplified) SDE of SignSGD is

dXt = −
√

2

π
Σ−1

2∇f (Xt)dt +
√
η

√
Id −

2

π
diag

(
Σ−1

2∇f (Xt)
)2
dWt. (1)

The SDE of AdamW for βi = 1− ηρi, ιi(t) = 1− e−ρit, and Pt = diag
√
Vt + ϵ

√
ι2(t)Id is

dXt = −
√

ι2(t)

ι1(t)
P−1
t (Mt + ηρ1 (∇f (Xt)−Mt))dt− θXtdt,

dMt = ρ1 (∇f (Xt)−Mt) dt +
√
ηρ1

√
Σ (Xt)dWt, (2)

dVt = ρ2

(
(∇f (Xt))

2 + diag (Σ (Xt))− Vt

)
dt.

Problem of Interest

1. How do gradient noise and adaptivity interact?
2. What is the role of decoupled weight decay?
3. Are there any scaling laws involving weight decay?

Contributions

1. First SDE formulation for SignSGD and AdamW;
2. Adaptivity brings resilience to large noise;
3. Decoupled weight decay brings extreme resilience to it;
4. New scaling rules for hyperparameter tuning of AdamW.

Noise Resilience: Empirical Observation
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Noise Resilience: Role of Adaptivity and Weight Decay

Assumptions: Let f : Rd → R be µ-strongly convex, L-smooth, Σ(x) = σ2Id.

Theorem 1 (SGD).

E [f (Xt)− f (X∗)] ≤ (f (X0)− f (X∗))e−2µt +
(
1− e−2µt

) ηLd

4µ
× σ2

B
. (3)

Theorem 2 (SignSGD - Simplified).

E [f (Xt)− f (X∗)] ≤ (f (X0)− f (X∗))e−2µ
√
B
σ t +

(
1− e−2µ

√
B
σ t

)
ηLd

4µ
× σ√

B
. (4)

Theorem 3 (Adam on L2-Regularized Loss - Simplified).

E[f (Xt)− f (X∗)]
t→∞
≤ ηLd

4µ
× σ

√
B + θL+µ2µL

. (5)

Theorem 4 (AdamW - Simplified).

E[f (Xt)− f (X∗)]
t→∞
≤ ηLd

4µ
× σ

√
B + σθL+µ2µL

∀σ
< ∞. (6)

Scaling Laws: Batchsize Scaling

If we change the batchsize, how do we adapt the other hyperparameters?

This Paper:

1.B → δB;
2. η →

√
δη;

3. βi → 1−
√
δ(1− βi);

4. θ →
√
δθ.

OR

Malladi et al.:

1.B → δB;
2. η →

√
δη;

3. βi → 1− δ(1− βi);
4. ������������

θ →
√
δθ.

Validation on Pythia-like Model (160M & 10B Tokens)
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