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The Edge of Stability (EoS)

(Cohen et al., 2021] observed that training neural networks with

vanilla GD exhibits two regimes
e Progressive Sharpening: loss decreases monotonically, while

the sharpness grows:;

o Fdge of Stability (EoS): loss oscillates, but goes down over time;

the sharpness oscillates around 2 /7.

Does EoS extend beyond vanilla GD to a family of all non-

FEuclidean methods (e.g, £-descent, Spectral GD) and their
normalized variants?

Non-Euclidean Gradient Descent

For a norm ||-|| with associated dual norm ||-||,, the
non-Euclidean GD method minimizes a regularized

linearization of the loss £ at wy:

| 1
w; = argming, f(wy) + (Vf(wy), w — wy) + Q—HW — wy||”

N
=w; =1 [[VLWi) [, (VLW))s,

= d; (update direction)

where (VL(wy)), == argmax )y, (VL(W;),y) is the linear
maximization oracle. Omitting the dual-norm factor gives
normalized non-EFuclidean GD:

Wi =W =1 (VL(Wy))s,  dp = (VL(WY)).

Block /15 Norm

Let w=(w!,...,wl) e Rh@ ... ®R% with the norm || - ||1

defined as .
Iwllio=> [[w'].
/=1

Let lnax = argmaxe(p) || VweL(Wy)||2, then GD in this norm is
Block GD

gmax _ gmax
WL = Wy — NV gt L(Wy)
w! = w!  otherwise.

The generalized sharpness has a closed-form solution:

SIh2 (w) = max Apax (V20 L(W)).
le(L]
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Figure 1: Block CD in training MLP on CIFAR10-5k.
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Directional Smoothness

We consider the equality

Substituting one step of non-Euclidean GD gives the key identity

L) = L(w) = =

so whenever ||V.L(w;)||, > 0 and the loss decreases monotonically,
we have

L(Wip1) — L(w) <0 = DH.”(WtaWtH) < /.
If the loss oscillates, then

L(Wit) — Lwy) = 0 = Dl(wy, wi) = 2y

¢~ Norm

— 2D (s, wi1) ) V£ (w0

Here we consider ||W||o = max;eig |W;|. The resulting method is

{~-descent is given by
Wi = Wi — 1)|[ VL(W)[[1sign(V L(wy)).
The generalized sharpness under this norm is

Sl (wr) = max d'VvVie(w)d

which is NP-hard problem and thus does not have a closed-form
solution.
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Figure 2: £5-descent in training Transformer on Tiny Shakespeare.
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Figure 3: £y-descnt in training VGGI11 on CIFARI1O0.
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Generalized Sharpness

Using the definition of DIl (wy, w,.1), we have

L(wi1) — L(wy) — (VL(W), Wi — W)
%HWHl — wyl|?
dZ_VQ,C(Wt — ftndt)dt
- & €01
H(itH2 5% ( )
dTVQL(Wt — ftndt)d
T dA Id][*

D(w, W) =

Assuming V2L (w; — &nd;) &~ V2L(w;), then we arrive at the
following definition of the generalized sharpness

Remark: for Euclidean norm || - ||o and Mahalanobis distance

| - ||p, the definition of generalized sharpness matches those
introduced in prior work [Cohen et al., 2021; Cohen et al., 2025].

Spectral || - ||« 2 Norm.

- @ R with the
= Tr(W'GQG) and norm defined as

IWiloo2 = maXHW%, [WHl> = max [[W'd]J..
tell] Id>=1

Under this geometry, the non-Fuclidean GD is Spectral GD

L
Wt+1 — f_ i (Z Tr(E‘g)) vafa

where UlEIV! = Vi L(W,) is SVD of the gradient of £ layer.
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Figure 4: Spectral GD in training MLP on CIFARI10.
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Figure 5: Spectral GD in training Resnet20 on CIFARI0.
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Approximating Generalized Sharpness via
Frank—Wolfe

To approximate the value of generalized sharpness, we use
Frank-Wolfe algorithm (FW) that computes the approximation for
the quadratic problem

maxd' VZL(w)d st. ||d|]* < 1.

Algorithm 1: FW for generalized sharpness

- Input: norm ||-||, 7 = 77, So =0
For restart m=1,..., M do
dy ~ N(O, I), project dO%HH.“:l(dQ) //Random initialization
For k=0,..., K —1do
vy, = arg max .y <; (VL(wy)dy, v)
djy1 = (1 — v)di + v
End For
Project ug = H”.”:l(d[()
gm — u%vzﬁ(wt)u;(; Sm — max{Sm_l, Sm}
10: End For
11: Return: Sy,

//Computing LMO

0 1 2 0 1 2

Remark: restarts are needed to explore the high-dimensional
unit ball {d | ||d]| < 1} better and provide a more accurate
solution.
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Figure 6: Comparison of the true value of the generalized sharpness against FW

approximation varying the number of restarts M € [1,7,15] in training CNN
model with Block GD on CIFAR10-5k.

Theory on Quadratics

We consider the problem

1
min L(w) = §WTHW, H-0 H'=H.

It is known that for FEuclidean norm vanilla GD converges iff
N < 2 = With n < non-Euclidean GD does

Amax(H) — STT2(w) H2( )
converge.

STTw) ||< )

Convergence of Non-FEuclidean GD

For some norm || - ||, non-Euclidean GD converges linearly from
any initial point wy with any step size n < 2/s, where S =
SHH(W> = max|q||<1 d'Hd.

However, the converse (n > %) is not true in general, and
convergence depends on the initialization. Let

A

d € argmaxd 'Hd, then (Hd), = d.
|djj=1

Convergence of Non-Euclidean GD

For some norm || ||, non-Euclidean GD diverges from the starting

point wy € span(d) with any step size n > 2/s, where S =
SHH<W) = max||d||<1 d'Hd.




