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Main Claim Theoretical justification of (H,, H) Adaptive warm-up derived from the Warm-up schedule experiments
Hy, H{) condition
Learning rate warm-up is what For the simple 1 x 1 X1 linear network (Ho, H) We test the practical warm-up schedule produced by the
. fu,v) = (y — uvz)?, The theoretical learning rate derived by (Hy, Hy)-smoothness (Hy, H1) condition against a classic 20% linear warm-up
you get when the learning rate . strategy, and no warm-up. The (Hy, H; )-derived warm-up

o the Hessian spectral norm has two phases along gradient
adaptS to an eaTIY'tralnlng flow from near-zero initialization:

Mk = 10H, + 20H, ( flwy) — f*>' performs on par with the 1%near War.m—.up schedule, which
reveals that our theory is likely realistic.
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curvature reduction. dHH(t)HQ < 0 when (u(0) — v(0)) < (y — 2u(to(b)r)? Smce flwg) — f =: A} decreases during the early phase, ny o | | |
dt 4 increases automatically. Validation perplexity Effective learning rate
" CINHD] > 0 when y < 2u(t)o(t)a 2™ — St 1 T
Motivation: the warm-up puzzle rgﬁ T . | g — melarwemie | 2
us, initial phase is sharpness reduction. o 14 48| & 6
. - Fixed step-size Adaptive warm-u s " g
A common schedule first increases the learning rate and We al . | ; el anch A AP l?)l ¢ : I? 4 e P S 60 —— | 2 Y| — () warmup, =35
: : : . e also tackle more realistic deep model architectures. must be stable Tor racks aecreasing 10ss S \ o @ 2 —— (Hy, Hy) warm-up, C=4
later decays it (especially in LLMs and vision transformers).w cummary can be seen below worst early curvature i Pt S S o = 36 & i _1 (HH; warm-uép, 04.521
Question: Is there an intrinsic ; : teration, x10° teration, x10°
Architecture, loss Result in the paper . | OM on FineWel,
’ - . = K= on FineWe
_property of neural-network loss Deep linear net, Under balancedness, early-training L gt Hiaitto L SRt A 2100 i ey - 10
landscapes that justifies LR warm-up? MSE and global (Ho, H1) bounds. 8 1 \\ = meramy ) 2
. | o Nonlinear Extension to leaky-ReLLU networks &: ‘ w8 % "
Core issue. A gradlent—dependent condition such as feedforward net under weak balancedness and mild = 7 \530 2 Y — (m) warmup, - 35
(Lo, L 1)-smoothness call pr.eS.Cflbe srnall.er steps Wh?n the spectral assumptions. T 0 | R M
oradient grows early in training, which is the opposite of o . - ' ' ' —— oL - ' '

. . . Two-layer net L2 regularization gives local and : : : Yl eration. <aob ’ Y teraion. x1ob
practical warm-up behavior. Our work replaces gradient ’ Iteration complexity analysis teration, 10 teration, x10
magnitude with loss suboptimality:. CE global (Ho, H1) bounds. 160M on FineWeb

C MU One-layer In-context loss satisfies the condition Upper bounds for realistic function classes and a 2100 ) wamp 035 | = 10
ontributions transtormer under distributional regularity and L2 warm-up LR n; 2 g B el e S8 //
oL . regularization. Aiming condition: If f is (Hy, H)-smooth and < 60 58 62 50
* New condition: We introduce (Hy, Hy)-smoothness: satisfies the Aiming condition with constant 8 around the = "0 —, = ;1 | s wamp: 0223
: : ¢ o o o o S O 2 —— (Ho, H,) warm-up, C'=
curvatgre o bounded by an affine function of loss Empirical justification of (H, H) minimizer set S, then adaptive GD reaches f(wg) — f* <e T U E | — nm wermup, o-as
suboptimality: o T after at most 9 R U - R U Y R
e Landscape evidence: We show theoretically and The m.ltlal phase of training is usua.lly a phase (.)f sharpness 40Hy dist(wy, S)*  40H, dist(wy, S)* | | | |
empirically that this is representative of the early reduction. It precedes the well-studied progressive 02 | 02 iterations. 410M on FineWeb
~ h ] -of-stability phases. Thi | ., . . 1L .
sharpness-reduction phase. isigpaezggiiﬁjssd%io stability phases Is experiment PL condition: If f also satisfies u-PL, adaptive GD Left column: validation perplexity for 70M, 160M, and
. xXV. .
e Warm-up theory: We derive faster convergence ) P 48}/ N o s reaches € after at most 410M language models on FineWeb under no warm-up,
cuarantees for adaptive warm-up schedules than for ENE e s sept, A R %5_ L o scalng with depth . 40H, ( Fluwy) f*) 20Hy o Hy tuned linear warm-up, and (Hy, Hy) warm-up.
. X 4] S x4 = — | ] . ) . .7
fixed-step GD under structured non-convexity. i, * 36>i g i X ! SoH \E Right column: effective LR induced by (Hy, Hy) warm-up
e Practical schedule: We test a one-parameter g, # s £, o for peak LR 1072 and different values of C'. All runs use a
e _ : : _ S 12 fi2e 3. 12 R120 ' —9
}OSS driven v(\;arltn. P ma}fchmg tuned linear warm-up on 5 = § B Lower bounds for the same function classes and a final 20% linear decay to 107,
Anguage and vision tasks. 95 10 165 11 9 o 0 0 fixed LR 7 are larger for sufficiently large initial loss
Train Loss Train Loss b _ |
The (H\, H,)-smoothness condition LR le-4 LR 1e-3 suboptimatlity.
5 [ ith depth °® 48 48
o . | g . o 34_ ¢ No scaling with depth o . . .
Definition. A function f : R = R with minimum ; o Practical surrogate used in experiments
f* > —oo is (Ho, Hy)-smooth when g . Why fixed steps are slower
2 d E 2 -I(:U rm * * * *
IVEf(w)lls < Ho+ Hi(f(w) — f*)  VweR" S . 12 Ri2g Fixed-step GD must choose 1 small enough for the largest ;he .exact constal.qts Ho, H,, f* are unknown in training.
& - . ST I'he implementation therefore uses the one-parameter
[.oss decreases = curvature bound decreases = N ANNNNEY PN A early curvature. The lower bounds contain the initializa- bedul
78 9 10 11 . schedule
stable LR should increase. J TrainLLg"Sl : tion factor H,(f(wo) — f*) e = e
| | o o | | log(f(wy) — f*) + 1’ max{1l, fs,(wg)/C'}
e Closed under finite sums and affine maps. Figure 1:Training of 70M model on FineWeb dataset with SGD varying _ . f f where ' controls when the loss dependent denominator
. . - SRS - SO a high 1nitial loss forces conservative steps even after i

e Contains classical ( Lo, L 1)—Smoothness under fixed lea,mmg. rz.mt.e énd .mltlahz.amon schenf.le. Colored points Corresp()ljld to t o ) becomes active and thus sets the effective warm-up length,

bounded-below assumptions. depth-scaled initialization, while black points correspond to fixed-variance CULEVRID LTS g UODECL

initialization. Color indicates training progress.
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