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The Problem and Assumptions

We want to solve the finite-sum optimization problem

• Problem (1) has many applications in machine learning,
data science and engineering.
• We focus on the regime when n and d are very large. This

is typically the case in the big data settings (e.g., massively
distributed and federated learning).

Notation: x∗ is the unique solution of Problem (1).

Main goal

The goal is to create a Newton-type method supporting
communication compression and aggregation mech-
anisms in order to reduce these costs while preserving the-
oretically superior local convergence guarantees. We aim to
show that a wide variety of communication strategies, such as
contractive compression and lazy aggregation can be
applied on Hessian communication utilizing a class of three
point compressors (3PC) [1].

Communication bottleneck

Learning Mechanism: the Idea

Newton-Star: xk+1 = xk −∇2f (x∗)∇f (xk)
• It converges locally quadratically;
• The communication cost of one iteration is O(d);
• It cannot be implemented in practice.
Following the idea of FedNL [2], in Newton-3PC we maintain
a sequence of matrices Hk

i ∈ Rd×d with the goal of learn-
ing ∇2fi(x∗). Then we can estimate the Hessian ∇2f (x∗) via
∇2fi(x∗) ≈ Hk := 1

n

∑n
i=1 Hk

i .

Learning Mechanism: We update each local estimate Hk+1
i

based on
• current local Hessian ∇2fi(xk+1);
• previous local Hessian ∇2fi(xk);
• previous estimate Hk+1

i
using the so-called 3PC compressor:

Hk+1
i = CHk

i ,∇2fi(xk)(∇
2fi(xk+1)).

Main features of the family of Newton- methods important for Federated Learning

• supports heterogeneous data setting • applies to general finite-sum problems
• uses adaptive stepsizes • privacy is enhanced (training data is not sent to the server)
• supports a wide range of aggregation mechanisms • supports 3PC compressors (e.g., EF21, CLAG, CBAG [2])

(e.g., LAG, BAG [2])
• fast local rate: independent of the condition number • supports partial participation
• supports smart uplink gradient compression at the devices • supports smart downlink model compression by the server

Class of 3PC Compressors

Definition: We say that a (possibly randomized) map
CH,Y(X) : Rd×d︸ ︷︷ ︸

H∈

× Rd×d︸ ︷︷ ︸
Y∈

× Rd×d︸ ︷︷ ︸
X∈

7→ Rd×d (2)

is a three point compressor (3PC) if there exist constants 0 < A ≤ 1
and B ≥ 0 such that
E
[
‖CH,Y(X)−X‖2

F

]
≤ (1−A) ‖H−Y‖2

F +B ‖X−Y‖2
F . (3)

holds for all matrices H,Y,X ∈ Rd×d.
We use 3PC compressor with Y = ∇2fi(xk), H = Hk

i , and X =
∇2fi(xk+1).
Example (Contractive compressors): The (possibly ran-
domized) map C : Rd → Rd is called contractive compressor with
contraction parameter α ∈ (0, 1], if the following holds for any ma-
trix X ∈ Rd×d

E
[
‖C(X)−X‖2

F

]
≤ (1− α)‖X‖2

F. (4)
Example (Compressed Lazy AGgregation (CLAG): Let
C : Rd → Rd be a contractive compressor with contraction param-
eter α ∈ (0, 1] and ζ ≥ 0 be a trigger for the aggregation. Then
CLAG mechanism is defined as

CH,Y(X) =

H + C(X−H) if ‖X−H‖2
F > ζ‖X−Y‖2

F,

H otherwise.
(5)

Example (Compressed Bernoulli AGgregation
(CBAG) Let C : Rd → Rd be a contractive compressor
with contraction parameter α ∈ (0, 1] and p ∈ (0, 1] be the
probability for the aggregation. We then define CBAG mechanism
is defined as

CH,Y(X) =

H + C(X−H) with probability p,
H with probability 1− p.

(6)

Communication advantages: Due to the adaptive nature of
CLAG (5), Newton-CLAG method does not send any informa-
tion about the local Hessian ∇2fi(xk+1) if it is sufficiently close to
previous Hessian estimate Hk

i . It reuses local Hessian estimate Hk
i

while there is no essential discrepancy.
Computation advantages: in CBAG (6) probabilistic switch-
ing condition is used according to Bernoulli random variable. This
allows devices to compute local Hessian ∇2fi(xk+1) and communi-
cate compressed difference C(∇2fi(xk+1)−Hk

i ) only with probabil-
ity p.

Algorithm 1: Newton-3PC
Input: x0 ∈ Rd, H0

1, . . . ,H0
n ∈ Rd×d, H0 := 1

n

∑n
i=1 H0

i ,
l0 = 1

n

∑n
i=1 ‖H0

i −∇2fi(x0)‖F
on server

Option 1: xk+1 = xk − [Hk]−1
µ ∇f (xk)

Option 2: xk+1 = xk − [Hk + lkI]−1∇f (xk)
Broadcast xk+1 to all nodes

for each device i = 1, . . . , n in parallel do
Get xk from the server and compute local gradient ∇fi(xk)
and local Hessian ∇2fi(xk)
Apply 3PC and update local Hessian estimator to
Hk+1
i := CHk

i ,∇2fi(xk)(∇
2fi(xk+1))

Send ∇fi(xk+1), Hk+1
i and lk+1

i :=
∥∥∥Hk+1

i −∇2fi(xk+1)
∥∥∥

F
end
on server
Aggregate ∇f (xk+1) = 1

n

∑n
i=1∇fi(xk+1)

Hk+1 = 1
n

∑n
i=1 Hk+1

i , lk+1 = 1
n

∑n
i=1 l

k+1
i

[·]µ denotes the projection onto the cone of positive definite
matrices with eigenvalues bigger than µ.

Convergence Theory

Assumption: The average loss f is µ-strongly convex, and all
local losses fi(x) have Lipschitz continuous Hessians:

‖∇2fi(x)−∇2fi(y)‖ ≤ L∗‖x− y‖,
‖∇2fi(x)−∇2fi(y)‖F ≤ LF‖x− y‖,

max
j,l
|(∇2fi(x)−∇2fi(y))jl| ≤ L∞‖x− y‖

to hold for all i ∈ [n] and x, y ∈ Rd.

Notation:(C,D) =

(2, L2
∗) if Option 1 is used

(8, (L∗ + 2LF)2) if Option 2 is used
Define the Lyapunov function:

Φk := 1
n

n∑
i=1
‖Hk

i −∇2fi(x∗)‖2
F︸ ︷︷ ︸

:= Hk

+6
( 1
A

+ 3AB
)
L2

F‖xk − x∗‖2.

Theorem: Assume ‖x0 − x∗‖ ≤ µ√
2D and Hk ≤ µ2

4C for all k ≥
0. Then, Newton-3PC (Algorithm 1) with any 3PC mechanism
converges with the following rates:

‖xk−x∗‖2 ≤ 1
2k
‖x0−x∗‖2, E

[
Φk
]
≤
(

1−min
{
A

2
,
1
3

})k
Φ0,

E
[
‖xk+1 − x∗‖2

‖xk − x∗‖2

]
≤
(

1−min
{
A

2
,
1
3

})k (
C + AD

12(1 + 3AB)L2
F

)
Φ0

µ2 .

Remark: In fact, assumption Hk ≤ µ2

4C for all k ≥ 0 should hold
only for k = 0.

Experiments

We consider L2 regularized logistic regression problem:

min
x∈Rd

{
1
n

n∑
i=1

fi(x) + λ

2
‖x‖2

}
, fi(x) = 1

m

m∑
j=1

log
(

1 + e−bija
>
ijx
)
.

214 217 220 223

communicated bits per node

10¡1

10¡3

10¡5

10¡7

10¡9

10¡11

10¡13

10¡15

f(
x
k
)
¡
f(
x
¤
)

NL1
Newton-CBAG
Newton-EF21
DINGO
Fib-IOS

216 218 220 222

communicated bits per node

10¡1

10¡3

10¡5

10¡7

10¡9

10¡11

10¡13

10¡15

f(
x
k
)
¡
f(
x
¤
)

NL1
Newton-CBAG
Newton-EF21
DINGO
Fib-IOS

(a) a1a, λ = 10−3 (b) a9a, λ = 10−3

1.0 0.75 0.5 0.167 0.1 0.067 0.033
probability p

37
75

150
225
263
300
600

3000co
m

pr
es

sio
n 

le
ve

l K

331 410 497 1284 1955 2919 5423
219 266 337 646 1081 1567 2913
163 181 212 355 626 920 1407
145 157 188 338 479 675 1059
140 154 188 363 477 561 891
135 144 152 321 391 568 707
133 131 140 181 247 342 555
154 159 147 150 160 210 239

FedNL

300

2000

3700

5400

1.0 0.75 0.5 0.294 0.147 0.029 0.015
probability p

8
17
34
51
60
68

136
680co

m
pr

es
sio

n 
le

ve
l K

55 63 74 60 79 87 119
39 43 50 43 56 72 97
29 33 37 31 40 58 68
26 29 31 28 35 40 51
26 27 30 27 33 35 55
25 27 28 27 31 32 59
24 24 28 23 27 29 47
35 32 26 32 28 27 24

FedNL

(c) w2a, λ = 10−4 (d) phishing, λ = 10−3

1.0 0.75 0.5 0.407 0.244 0.163 0.081 0.016 0.008
probability p

15
30
61
93

108
123
246

1230co
m

pr
es

sio
n 

le
ve

l K

245 216 191 206 162 161 128 94 80
155 133 130 113 113 82 75 51 41
99 89 75 72 65 58 46 31 37
76 68 52 57 45 38 35 17 17
69 62 55 53 44 31 25 19 22
64 56 53 41 43 32 32 17 23
43 42 35 34 31 22 15 13 7
14 12 10 10 9 11 5 6 4

FedNL

5

85

165

245

1.0 0.75 0.5 0.167 0.1 0.067 0.033
probability p

37
75

150
225
263
300
600

3000co
m

pr
es

sio
n 

le
ve

l K

254 242 200 180 165 165 154
152 145 130 89 91 88 83
95 85 73 46 52 51 40
73 66 60 44 39 37 30
66 63 59 47 39 31 25
60 52 43 41 31 31 20
40 34 32 19 18 18 15
14 13 9 10 7 9 6

FedNL

85

165

245
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Figure 1: First row: Local comparison of NL1, Newton-CBAG,
Newton-EF21 (equivalent to FedNL), DINGO, and Fib-IOS; Second
row: The performance of Newton-CBAG combined with Top-K in
terms of communication complexity (in Mbytes); Third row: The
number of local Hessian computations of Newton-CBAG combined
with Top-K.
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