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Visual Intuition - SDEs do Track the Optimizers

1 0 1
X1

0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

X 2

Trajectories

DSGD
DSGD SDE

0

400

800

1200

1600

2000

2400

2800

1 0 1
X1

0.3

0.2

0.1

0.0

0.1

0.2

0.3
X 2

Trajectories
DCSGD
DCSGD SDE

1.5

1.0

0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

0.00 0.05 0.10 0.15 0.20 0.25
X1

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

X 2

Trajectories
DSignSGD
ODE (Ph. 1)
Low Bound (Ph. 2)
Up Bound (Ph. 2)
SDE (Full)
SDE (Ph. 3)

0.00

0.04

0.08

0.12

0.16

0.20

0.24

0.28

0 5000 10000 15000 20000 25000 30000
Iterations

10 3

10 2

10 1

100

Lo
ss

Loss Comparison - MLP
DCSGD
DCSGD SDE

Definitions

Distributed Unbiased Compressed SGD is

xk+1 = xk −
η

N

N∑
i=1

Cξi
(
∇fγi(xk)

)
, (1)

where the stochastic compressors Cξi are independent and

1. Eξi

[
Cξi(x)

]
= x;

2. Eξi

[
∥Cξi(x)− x∥22

]
≤ ωi∥x∥22 for some compression rates ωi ≥ 0.

Distributed SignSGD is a biased compression method with update rule

xk+1 = xk −
η

N

N∑
i=1

sign(∇fγi(xk)). (2)

Problem of Interest

1. How do gradient noise and compression interact?
2. Which method is more resilient to large, possibly heavy-tailed noise?
3. Are there any scaling laws designed for Distributed Learning?

Contributions

1. First SDE formulation for DCSGD and DSignSGD.
2. DCSGD is highly sensitive to heavy-tailed noise, while DSignSGD is robust;
3. New scaling rules for hyperparameter tuning;
4. Empirical validation across MLP, ResNet, ViT, and GPT2.

Noise Resilience: Empirical Observation
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SDEs

Theorem 1 (DCSGD). For Φξi,γi(x) := Cξi
(
∇fγi(x)

)
−∇fγi(x), the SDE of DCSGD is

dXt = −∇f (Xt)dt +

√
η

N

√
Σ̃(Xt)dWt, (3)

where

Σ̃(x) =
1

N

N∑
i=1

(
Eξiγi

[
Φξi,γi(x)Φξi,γi(x)

⊤
]
+ Σi(x)

)
. (4)

Theorem 2 (DSignSGD). The SDE of DSignSGD is

dXt = − 2

N

N∑
i=1

Ξν

(
Σ
−1

2
i ∇f (Xt)

)
dt +

√
η

N

√
Σ̃(Xt)dWt. (5)

where

Σ̃(Xt) := Id −
4

N

N∑
i=1

(
Ξν

(
Σ
−1

2
i ∇f (Xt)

))2

. (6)

Noise Resilience: Theoretical Justification

Theorem 3 (DCSGD). If f is µ-PL, L-smooth, Tr(Σi(x)) < dσ2, and ∆ := 1− ηL2ω
2µN , then

E [f (Xt)− f (X∗)] ≤ (f (X0)− f (X∗))e−2µ∆t +
(
1− e−2µ∆t

) ηLd

4µN
× σ2

B
× 1 + ω

1− ηL2ω
2µN

.

Theorem 4 (DSignSGD). If the gradient noise is Z ∼ σtν(0, Id) for ∆ := ℓν
√
B

σ ,

E [f (Xt)− f (X∗)] ≤ (f (X0)− f (X∗))e−2µ∆t +
(
1− e−2µ∆t

) ηLd

4µN
× σ√

B
× 1

ℓν
.

Scaling Laws: Preserving Performance

1. Learning Rate: η → κη;
2. Batch Size: B → δB;
3. Compression Rate: ω → βω;
4. Client Number: N → αN .

?
Can we recover Uncompressed
DSGD(η,B,N)?

Scaling Rule Implication
α = 1 + βω CR ↑ =⇒ Agents ↑
α = κ(1 + ω) LR ↑ =⇒ Agents ↑
α = 1+ω

δ BS ↓ =⇒ Agents ↑
κ = 1

1+βω CR ↑ =⇒ LR ↓
δ = 1 + βω CR ↑ =⇒ BS ↑
κ = δ

1+ω BS ↑ =⇒ LR ↑

For DSignSGD, it is enough to ensure that κ
α
√
δ

to preserve the performance.

Validation on GPT2-like Model
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DCSGD - Overview - ( = 0.1, = 3)
Rule 1 - Increase Agents (N)
Rule 2 - Increase Batch Size (B)
Rule 3 - Increase Both
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DSignSGD - Overview


