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Abstract

We analyze asynchronous-type algorithms for distributed SGD in the heterogeneous set-
ting, where each worker has its own computation and communication speeds, as well as data
distribution. In these algorithms, workers compute possibly stale and stochastic gradients asso-
ciated with their local data at some iteration back in history and then return those gradients to
the server without synchronizing with other workers. We present a unified convergence theory
for non-convex smooth functions in the heterogeneous regime. The proposed analysis provides
convergence for pure asynchronous SGD and its various modifications. Moreover, our theory
explains what affects the convergence rate and what can be done to improve the performance
of asynchronous algorithms. In particular, we introduce a novel asynchronous method based on
worker shuffling. As a by-product of our analysis, we also demonstrate convergence guarantees
for gradient-type algorithms such as SGD with random reshuffling and shuffle-once mini-batch
SGD. The derived rates match the best-known results for those algorithms, highlighting the
tightness of our approach. Finally, our numerical evaluations support theoretical findings and
show the good practical performance of our method.

1 Introduction

Modern machine learning relies heavily on effective optimization algorithms. The stochastic gra-
dient descent (SGD) method [42] and its various modifications, such as Adam [20] and AdaGrad
[13] are at the core of machine learning training, due to their easy implementation together with
strong practical performance. However, in recent times, both the size of state-of-the-art models
and the amount of data required for training have increased significantly. Due to this growth,
optimization algorithms have also been adapted to the need for efficient training of large models,
and thus distributed and parallel variants of SGD have started playing a crucial role in modern
machine learning [6]. In the distributed regime, training is performed using many computational
nodes (e.g., CPUs or GPUs on a cluster) working in parallel and orchestrated by a server. Every
worker computes gradients based on available data, and then a server aggregates those gradients to
perform one step of an algorithm. Distributed SGD-based algorithms are also adopted to Federated
Learning applications [26, 18] where local data is kept private and is not seen by other workers.

Nevertheless, distributed variants of SGD suffer from many practical challenges. For example,
approaches such as communication compression [2, 19, 33|, performing several local steps before
communication [35, 15, 22], decentralized communication [25, 27], or their combinations [12, 50]
are designed to improve the efficiency of distributed training.

Across all these approaches, workers are synchronized, i.e., the server must wait for the slowest
worker before proceeding to the next algorithm iteration. This may drastically slow down the
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performance of SGD if workers have significantly different computational power. Asynchronous
communication, which breaks this lock-step behavior, is preferable in practice, since it enables a
more efficient use of resources. In asynchronous-type algorithms, workers do not wait for each other,
thus a server immediately updates the current model and assigns a new job to available workers.
All of the aforementioned approaches are orthogonal to asynchronicity, and can be combined with
it [39, 50].

Recently, [24, 32] improved theoretical analysis of pure asynchronous SGD in the homogeneous
data setting, i.e., when workers have access to the same data, and make a step towards better
understanding in a heterogeneous regime. Here, we specifically focus on the more challenging
heterogeneous setting, and provide a unified convergence analysis of asynchronous SGD.

We start from the observation that asynchronous SGD can be seen as an instance of SGD
with arbitrary data orderings, which include random reshuffling at each step, shuffle once (at the
beginning of training) or some incremental order. The only difference between these variants is
in the order defined naturally according to the computation speeds of the workers. Data ordering
might improve the performance of the algorithm. For example, several works [34, 40] show that
SGD with random reshuffling and shuffle once is always better than vanilla SGD in the strongly
convex case, and can outperform it for both convex and non-convex objectives if the number of
epochs if sufficiently large [36, 29]. Recently, [21] analyzed SGD with arbitrary data ordering as
an algorithm with linearly correlated noise [23]. Here, we go further by linking asynchronous SGD
and SGD using various data orderings.

1.1 Contributions

In this section, we summarize the key contributions of our work.

e We propose a theoretical framework AsGrad that allows us to analyze various types of asyn-
chronous SGD in a unified manner. Besides purely-asynchronous SGD, we analyze variants
of asynchronous SGD when a server waits for the first b fastest workers or assigns new jobs
according to some scheduling procedure. The analysis is performed for a constant stepsize
schedule, without bringing any additional hyper-parameters except for stepsize, as all the
parameters used in the algorithm are known during training.

e Moreover, this unified framework enables us to design and analyze new asynchronous algo-
rithms. In particular, we propose a new method called shuffled asynchronous SGD and show
its superiority over competitive methods both theoretically and practically.

¢ Our framework also recovers popular synchronous variants of SGD, such as SGD with random
reshuffling, shuffle once, and mini-batch SGD. For these methods, we derive the best-known
convergence results, without any changes in the analysis, highlighting the tightness of our
framework.

o All of our results have a better or similar dependencies on the maximum delay, compared
with existing work. With bounded gradient assumption, we remove entirely dependencies on
maximum delay used by prior works.

2 Related Works

2.1 Asynchronous SGD

The literature on asynchronous-type SGD algorithms is extremely rich, starting from Baudet,
1978 [5], and Bertsekas and Tsitsiklis, 1989 [7]. The source of asynchrony might be caused by
various factors, such as different hardware [17] or message passing failures [37].

Most existing works are devoted to the analysis of SGD-based asynchronous algorithms, con-
centrating on the homogeneous regime [11, 4, 45] which typically holds only for shared memory
architectures. In our work, we concentrate on the more challenging heterogeneous setting.



The first convergence guarantees were given for constant delays [46, 3] which usually is not
true in practice. Follow-up studies provide an analysis depending on the maximum delay [45,
50, 39], however, it can be much larger than the average delay. [2] improved the dependency
on the maximum delay under the bounded gradient assumption while [11, 4] completely removed
that dependency. [11] proposed a method which sends delayed models together with computed
gradients, and additional parameter tuning while [4] derived rates involving the variance of the
delays. Nomnetheless, in some cases, this quantity might be proportional to the maximum delay.
Recently, [47] introduced a new asynchronous algorithm with optimal convergence guarantees;
however, under the assumption that the computational speeds of workers are fized throughout the
execution. This assumption is too restrictive in many practical scenarios, where computational
speeds usually fluctuate during the training.

Several works consider asynchronous SGD in Federated Learning, where workers frequently have
heterogeneous computational power. [52, 51] utilize delay-adaptive stepsizes to mitigate the effect
of asynchrony while [48, 14, 16] proposed variance-reduction-based mechanisms to handle different
worker availability. [39] proposed a method that incorporates local steps and shows its practical
superiority, but the analysis is done under unrealistic assumptions.

Recently, [24, 32] introduced novel analysis based on perturbed iterates framework [31] which im-
proves the convergence guarantees for asynchronous SGD for both heterogeneous and homogeneous
regimes. They propose similar delay-adaptive stepsize schedules that allow to derive maximum-
delay-free rates for asynchronous SGD. Besides, [24] proposed an algorithm with a special random
job assigning procedure to balance the workers in the heterogeneous setting. In the same setting
[32] derived convergence guarantees for pure asynchronous SGD. Inspired by [21]!, we propose a
new virtual-iterates-based analysis and cover the results of [24, 32] as special cases.

2.2 SGD with Arbitrary Data Ordering

The most practical training SGD schemes utilize a certain order (usually random) of data samples.
Schemes like random reshuffling or shuffle once are considered a default choice in many real-world
applications. Sampling without replacement allows to leverage of the finite-sum structure of the
problem since all data points will contribute equally to the solution. However, the theoretical
guarantees for these methods are much less studied than for vanilla SGD [41, 40]. The main
complication comes from the fact that the gradient estimator becomes biased. Biased SGD-type
methods are typically considered more challenging to analyze than their unbiased counterparts.

In the last years, particular attention was given to federated and distributed methods with
random reshuffling [30, 43, 49, 10]. Data shuffling might provably improve the convergence in this
case as well which is important for the training of large-scale models.

Here, [34] introduced novel techniques to improve the convergence guarantees in the strongly
convex case, whereas [40, 1] demonstrated the same rates showing the superiority of SGD with
random reshuffling over vanilla SGD. However, in convex and non-convex regimes this remains an
open problem. FExisting results demonstrate better performance of SGD with random reshuffling
in some special cases [34] in convex and non-convex scenarios.

3 Setup

We consider the classical Empirical Risk Minimization (ERM) problem of the form

min [f(x) —~ iimm)} , (1)

z€R4

which covers many optimization problems in machine learning. Here, z € R? denotes the parameters
of a model we aim to train, n is the number of workers participating in the distributed training, and

We aware of the technical gap in the proofs in [21]. However, a proper choice of correlation period 7 allows
to take conditional expectations correctly. We highlight for each special case the choice of 7 that leads to correct
statements.



Table 1: Asynchronous algorithms whose convergence analysis is covered by AsGrad framework.
Here constants (2, G? such that |V fi(z) — Vf(2)||? < ¢% and ||V fi(z)||*> < G? for all i € [n]
and z € R% 70 and Tmax denote the maximum number of active jobs and the maximum delay
respectively. Fj is the initial functional suboptimality, the definitions of other constants are given in
Section 4. For shuffled asynchronous SGD 7¢ = n. BG = requires Bounded Gradients assumption.

Method Alg # Citation BG Rate (@)
1/2
[32] No 7LF%TC + (LF%#) / L2
Pure LEy/fmare | (LFe®\Y? | 2
Asynchronous SGD Alg 2 Ours No T + ( T ) +¢
1/2 2/3
Ours  Yes Liyre <7LF%02> + (M) e
Pure Ours No LFy\/Tmax7C + (LFoa + <2
Asynchronous SGD Alg 3 Vb 12 2/3
with waiting Ours Yes Ll%)bfc + (Ll;ogf ) + (%) e
[24] No LFo\/rmdxrc n (LFQO’ )1/2 (LF0(2)1/2 n (LFUTTCg)2/3
Random Ale 4 , . LR LRo?\Y? | (LE\Y? | (LRrec\Y?
Asynchronous SGD & [24] Yes et ( 7 > ( 4 ) + < G )
Ours Yes Ll | (LFOU >1/2 (LFOC ) <LFOT(~G>
Random [39] Yes @ + (LF,IQO' )1 n LFUCijx 2/3 LFoGT,,,ax)2/3 ©
Asynchronous SGD Alg 5 1 /2 1/ 2/3
with waiting (FedBuff) Ours Yes LF4OTQ + (LFOC ) (LFi) <M>
Shuffled 9 9/3 2/3
Asynchronous SGD Alg 6 Ours Yes % + (%wz)l/ + (LFofC> / (LF Gn) /
[NEW]

(a) We present the best-known rates under the same set of assumptions as we use in the analysis.
(b) [32] uses delay adaptive stepsizes to get rid of the dependency on Tmax-

(c) If we set my = F,mg = b,@Q = 1 in Theorem 1 [39]. The analysis is done under the unrealistic assumption that {it}z:ol

are distributed uniformly at random.

fi(z) is the loss associated with data D; available to worker ¢ € [n] :== {1,2,...,n}. For example,
the local function f; can be written as an expectation fi(z) = E¢up,[fi(z,&)] over dataset D;
locally stored at worker i. Besides, the formulation (1) also recovers the single-node setting. In
this scenario, f represents a loss over a dataset of size n, and each f; is a loss associated with i-th
data point. We denote the minimum of the problem (1) by f*, and assume that it is finite.

3.1 AsGrad: Proposed Algorithmic Framework

To solve the problem (1), we apply general asynchronous SGD satisfying AsGrad framework (Al-
gorithm 1). The backbone of our algorithmic approach is to analyze updates of the form

Ti41 = Tt — V9, (Try)s (2)

where i, € [n] is an index of a worker whose potentially stale and stochastic gradient g;,(zy,)
computed at an outdated point =, is applied at iteration ¢.

It is crucial to note that the order of applied gradients g;,(z,) is not controlled by the server.
Once an ongoing gradient computation is done by some worker, the gradient is immediately com-
municated to the server and is used to update the global model without synchronizing with other
workers. In fact, the order of received gradients depends on the speeds of the workers which can
change during the training. We denote by R; the set of all received jobs? before iteration ¢. Hence,
before training Ry = &, and once a new job (i, m;) is completed (i.e., the gradient g;, (xr,) is
computed) we update the set Ry = Re U { (i, )}

After receiving a completed job (i, ;) and updating the model parameters z;41, the server
proceeds to assign a new job. This is the stage when the server can influence the training by

2By job we define a pair (4,7) such that worker i is assigned to compute V fi(z;) for a model from iteration j.



Algorithm 1 AsGrad framework: General Asynchronous SGD

1: Input: zo € R?, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &

2: Initialization: for all jobs (i,0) € Aj, the server assigns worker i to compute a stochastic
gradient g;(z)

3: fort=0,1,2,...,7T—1do

4: once worker i; finishes a job (i¢, ) € Ayq1, it sends g;, (xx,) to the server

5: server updates the current model z441 = x¢ — 7¢;, (vr,) and the set Rey1 = Re U { (%, 7¢)}

6: server assigns worker k;y1 to compute a gradient gi,., (Ta,,,)

7. server updates the set Az = App1 U {(Kgr1, 1)}

8: end for

controlling the assigned jobs. Specifically, the server is allowed to assign any worker k;y1 € [n] to
compute a stochastic gradient at any point x, ., in the history of model parameters. Similar to the
set of received jobs, denote by A; the set of all assigned jobs before iteration ¢. Thus, before the
training no job is assigned, i.e., Ag = @. Then, the training starts by the initial job assignments
A; ={(2,0): for some workers i € [n]}. Afterward, once a new job (ki11,a¢+1) is assigned by the
server, we update the set A;ro = A1 U {(kpy1, 1) }-

By definition, Ry C A; since only assigned jobs might be finished. Besides, the set A;+1 \ Rt
represents the jobs that are “in flight” at iteration ¢. In particular, Apy1 \ Ry consists of all jobs
that are not finished within the optimization process.

The power of our algorithmic framework is its versatility to recover various variants of both
asynchronous and synchronous SGD algorithms in one method. The strength of our approach
is that the theoretical analysis for all of them is covered by unified theory, as well as the rates
obtained by our theory match the best-known results for those cases or improve them. We present
convergence guarantees for several synchronous and asynchronous methods covered by our analysis
in Table 1 and Section 4 in more details.

3.2 Special Cases

Below we list some interesting special cases covered by our framework. Detailed description is
provided in Sections C.3 and D.3 while convergence rates are presented in Table 1.

Pure Asynchronous SGD. In the beginning of the training the server assigns jobs to all work-
ers at 9. Then, a new job (for a freshly updated model) is assigned back to the same worker which
completed the previous job, i.e., (kiy1,a041) = (i, t + 1). We derive improved square root depen-
dency on Tyax in contrast to previous works, and remove this dependency completely with bounded
gradients assumption. Our rate matches the best-known result [24] in homogeneous regime (i.e.,

2 =0).

Pure Asynchronous SGD with waiting. In contrast to the previous case, the server waits for
b > 1 workers to finish their jobs, and then it assigns to them (i.e., ki1 = i; as before) new jobs
for the same updated model with a1 = [t+1/b|b. In comparison with previous method, waiting
for b leads to faster convergence while keeping the same dependency Tyax-

Random Asynchronous SGD [24]. In this version, a new job is assigned to the worker ky1 ~
Uni[l,2,...,n] chosen independently and uniformly at random among all workers for the latest
model, i.e., ay41 = t + 1. Thus, some workers might receive new jobs without completing the
current one. We obtain the same rates as in [24] using more general theory which indicates the
sharpness of our approach.

Random Asynchronous SGD with waiting [39]. This method is a special case of the FedBuff
algorithm [39] with @ = 1 local steps. Besides, it can be seen as a combination of the previous two



special cases, namely asynchronous SGD with waiting and random assignments. The server waits
for the first b fastest workers and then assigns new jobs with the same model oy 41 = [t+1/6|b to b
randomly chosen workers ki1 ~ Uni[l,...,n]. Unlike [39], we derive convergence under realistic
assumptions. Moreover, we derive Tiax-free rate and show the benefit from waiting for few workers
as the rate improves with b.

Shuffled Asynchronous SGD [NEW]. In this case, we assume that all participating workers
[n] are active in the training. Similar to random asynchronous SGD described above, new jobs
are always for the latest model, i.e., ay11 = t 4+ 1. However, new jobs are not assigned to workers
independently but rather based on a random permutation of workers that can be re-sampled after
each cycle or sampled once and reused throughout the training. More specifically, if x is a random
permutation of indices [n], then ki1 = x(j), where j —1 = ¢ (mod n) is the remainder of ¢
when divided by n. In Section D.3.3 we demonstrate that new method outperforms its random
counterpart in highly heterogeneous regime ¢ > /ne which typically holds in Federated Learning.

Mini-batch SGD. This is the standard variety of SGD method, and a popular method for a
single-node setting. We show that the update rule of mini-batch SGD can be modified to suit
update rule (2) and derive standard convergence rate. In particular, if we treat each data point as
a separate client then mini-batch SGD can be viewed as random asynchronous SGD with waiting
where initial number of jobs assigned by the server is b.

SGD with Random Reshuffling [38]. SGD with random reshuffling is one the most used
and sometimes a default algorithm in practice to train neural networks. At the beginning of each
epoch, the dataset is randomly shuffled, and gradients are computed following that random order.
Similar to the analogy described for mini-batch SGD, we can view SGD with random reshuffling as
a special case of shuffled asynchronous SGD. Our rate matches the best known guarantees showing
the tightness of our approach.

4 Convergence Theory

4.1 Theoretical assumptions

Below we list the assumptions we use in the theoretical analysis. All of them are standard in the
distributed non-convex optimization literature.

Assumption 1. Local functions f; are differentiable and L-smooth for some positive constant L,
namely,

IVfi(2) = Vi)l < Lllz —yll, Vz,y e R 3)
For some of our results, we also need a bounded variance assumption on stochastic gradients.
Assumption 2. Stochastic gradients V fi(x,&) are unbiased estimators of V fi(x), i.e.,
Eeop, [V fi(2,6)] = Vfi(z), Ve eR?, (4)
and have bounded variance o® > 0, namely,
Ee-p, [[IVfi(,€) - Vi(@)|?] <02, VzeR? (5)

This is a typical assumption in the literature, and it holds, for example, when we have access
to the gradients with Gaussian noise. We denote a realization of V f;(z, &) by g;(x) for shortness.

Next, we also assume that the bounded function heterogeneity assumption holds since in general
case it is not possible to derive any convergence guarantees for asynchronous algorithms.

Assumption 3. Local gradients V fi(x) satisfy bounded heterogeneity condition for some ¢ > 0,
i.e.,

IVfi(z) = Vf(@)|* <3 Vo eR? (6)



Several results require the Lipschitzness of local loss functions.

Assumption 4. Local functions fi(x) are G-Lipschitz, i.e. for some positive constant G they
satisfy

|fi(z) = fily)| < Gl —y|| Vz,y € RY. (7)

Note that, in the case of differentiable f;, this assumption implies that local gradients are
bounded, i.e., for all z € R? |V f;(z)|| < G [8]. In contrast to [32], we do not assume the bound-
edness of stochastic gradients. Practical implementations frequently resort to using clipping in
the presence of Byzantine workers or stragglers. The clipping automatically bounds the norms of
applied gradient, forcing the constant G2 to be small.

4.2 Notation

Generally, we do not make any assumptions on the delays — gradients might be received in any
random or deterministic order. We assume that the server can receive and assign jobs with delays,
namely, m; :=t — 74 and o :=t — Ty, where 73, 77 > 0 are corresponding delays.3 The order might
be natural as in the case of pure asynchronous SGD or be pre-set as for mini-batch SGD; see
Sections C.3 and D.3 for more examples of how {i;}! ;' might look like. Besides, we introduce the
notion of maximum and average delays similar to [24].

Definition 1. Let {Tt}tT:_Ol be the delays of all applied gradients. The average and maximum delays
are defined as follows

1 T-1 . .
Tavg = 75— E T+ E T—37 |, Tmax = max{ max 7,  Inax T —j} . (8)
’AT+1‘ t=0 (i,j)eAT+1\RT 0§t<T (Zyj)eAT+l\RT

Quantities Tayg and Tmax are defined analogously with respect to the delays {ﬂ,}tT:_O1 related
to assigning process. Moreover, in the analysis, we use the maximum number of active jobs or
concurrency 7¢. This quantity indicates the maximum number of jobs already assigned, but not
yet completed (i.e., active jobs) during the optimization process.

Definition 2. The maximum number of active jobs or concurrency is defined as

TC = o?%XT |.At+1 \Rt| . (9)

To utilize available resources in a more efficient way, in practice, all workers are always busy,
i.e., 7o = n. Nevertheless, it might happen that a fraction of all workers can be unavailable from
time to time.

The received {i;} and assigned {k;} orders of functions define the convergence properties of
Algorithm 1. Hence, we are interested in the correlation between functions within a certain corre-
lation interval 7. The final rate depends on how much the functions within the correlation interval
differ from the averaged gradient. To mathematically describe the aforesaid, we define the sequence
correlation [21] below.

Definition 3. For any given correlation period 7 > 1, we successively split the set of received
gradient indices {it}f;ol into [%W chunks of size 7. Then, the sequence correlation of received jobs
within k-th period is defined as

min{k7+5,T—1} 2

O-I?J,T = max E Z sz(xk‘r) - vf(xk‘T) : (10)

0<j<rt
=J t=kt

Next, the magnitude of delays affects the resulting convergence rate. We measure the effect of
the delays by the quantity defined below. Note that it does not involve any correlation period since
it is designed to track how 7; impacts the rate.

31f 7, = 7, = 0, then there is no delay.



Definition 4. For the sequence of received gradient indices {it}tT;()l the delay variance is defined

as
2

T-1 t—1
V2= Z E Z Vfi;(@n;) = Vf(2r,)
t=0 J=m¢

4.3 Analysis of Gradient Receiving Process

In the first theorem, we analyze the gradient receiving process, i.e., how the order of received
gradients {z’t}tT:_Ol influences the convergence. We would like to highlight that this ordering can not
be controlled by the server; it is built naturally depending on the speeds of the workers.
For the analysis, we additionally construct a sequence of virtual iterates [31] with restarts
following the approach created in [21]. The sequence is defined as Ty = xg and
_ {Et—WVf(xt) ift+1#0 mod 7,
Li+1 =

(11)
Tig1 ift+1=0 mod 7.

In contrast to the sequence {x}1_, virtual iterates {#;}/_;' are updated using full gradient always
evaluated for the last model z;. Moreover, we restart the virtual iterates once in 7 iterations, so

we can track the progress of real iterates within one correlation period. More particularly, we use
T = @(%)7 where L and v are the smoothness constant and the stepsize respectively.

Theorem 1. Let Assumptions 1 and 2 hold. Let the stepsize v satisfy inequalities 6Ly < 1 and
20L~y\/TmaxTCc < 1, the correlation period T = {ﬁJ , and quantities {0277 ,EZ/OTJ and v are finite.
Then

F
E[[|Vf(@n)]?] <0 (7; + Lyo? + L272<I>> : (12)
LT)
where Fy = f(xg) — f*, ® = ﬁ > 0,%7 + %VQ, and T is chosen uniformly at random from
k=0

{xlr..,mT}.

We give a detailed proof of the theorem in Appendix, Section C. We observe that the rate
consists of three terms. The first one, %, is a standard optimization term that always appears for
vanilla GD, and is shown to be optimal. The second term, Lyo?, appears because of the stochastic
nature of the gradients. The third term, L?+?®, the most intriguing one, consists of two parts —
the first one represents the effect of function ordering while the second part shows the impact of
delays on the convergence.

Since the first and second terms are standard for gradient-based algorithms, one asynchronous
algorithm differs from another one with a bound on L?vy2®. Intuitively, our goal is to create an
algorithm for which this term is as small as possible in order to guarantee better convergence.
This can be achieved by properly balancing the workers’ contributions. Moreover, the stepsize -y is

decreased by Tél/fﬁ( to mitigate the effect of the delays.

T

Note that all quantities {0‘]%77_} ,E;é and v? depend on 7, and consequently, on the stepsize v as
well. Hence, for the general case, the inequality (12) is implicit. However, for some special cases,
we are able to compute all quantities and derive convergence guarantees.

4.4 Analysis of Gradient Assigning Process

Now we switch to the analysis of the order {k;}/_; which the server uses to decide the order of
assigning new jobs. Recall that the server is able to control this order. That is why we can use
various randomization procedures to balance the workers.

The analysis in this case is based on the virtual iterates {y; }7_, that follow the assigning process.
Formally, we define yg = z¢ and

>0
wrr=w—7 Y. (@) = Y — Yk (Tay)- (13)
(4,5) €A1\ Ay

8



Here we highlight that the server may decide to send a job at outdated point x,, with bounded
by Tmax delay.? This enables us to investigate methods where several workers compute gradients
at the same point, e.g., mini-batch SGD. Hence, it brings even more flexibility to our framework.
The real and virtual iterates can not be arbitrarily far away from each other. The next Lemma
reveals the connection between them.

Lemma 1. Let real {z;}]_, and virtual {y;}L, iterates be defined in (2) and (13) respectively.
Then

zv—y=7 Y. gilz).

(1,5) €A\ R+

Based on the sequence {y;}1_, we construct the restarting sequence {¥;}{_, similarly to (11)

. ~ Jy—=9Vf(x) ft#0 modr,
L= vn e Yt+1 ift=0 mod 7.

Analogously, we can define the sequence correlation and the delay variance for the sequence of
T
assigned gradient indices {k;}]_,. We denote them by {5,%7T tL:Té and U2 respectively. Based on

this, we present our second theorem.

Theorem 2. Let Assumptions 1, 2, and 4 hold. Let the stepsize v satisfies inequalities 6Ly < 1

and 30Ly max{Tmax, Tc} < 1, the correlation period T = ﬁJ, quantities {513,7 ,EZ/OTJ and U2 are
finite. Then
F -
E||Vf(@n)?] <O (7% + Lyo? + L2y2® + L*42(7¢ — 1)202) : (14)
_ LZ]
where Fy = f(y1) — f*, & = LT}TJ S or+ %52, and T is chosen uniformly at random from
k=0

{ml, Ce ,:(,'T}.

The proof of Theorem 2 can be found in Section D. It gives similar convergence behaviour as
Theorem 1, but for the assigning sequence {k;}_;. The difference is in the last L*y?(7¢ — 1)2G?
term which is not present in (12), and it appears because of the bound between real and virtual
iterates.

We emphasize that if 7o = 1, i.e., there is only one active job at each iteration, then the
fourth term is zero. For example, this holds for single-node algorithms such as SGD with random
reshuffling or shuffle once. Therefore, we recover the same rates for those methods. Besides, we
highlight the fact that the rate (14) admits the absence of the dependency on Ty in particular
special cases; the delays affect the rate through averaged delays only.

Moreover, the term @ depends on sequences {k;} and {a;} which are fully under the control
of the server. Therefore, the server may change its job assignment strategy if it observes that the
current one leads to poor performance. In Section D.3 we demonstrate precisely which assignment
strategies can be used.

5 Experiments

We conduct experiments on logistic regression with nonconvex regularization, namely, we consider
the problem (1) with local functions

1 m 7b“(1tr.x d l‘?
file) = - log (14+e7™7) +4 37 =4,
j=1 ) J

We test the performance of pure, random, and shuffled versions of asynchronous SGD methods.
We use the w7a and phishing datasets from the LibSVM library [9], and additionally construct

4In other words, a; =t — 7, where 7, > 0.
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Figure 1: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and
full gradient computation on w7a (first row) and phishing (second row) datasets with various delay
patterns. Here n = 10, A = 0.1, d = 300, m = 2505 for w7a dataset and n = 10, A = 0.1, d = 68,
m = 1105 for phishing dataset.

synthetic datasets following [28, 44] with control of statistical heterogeneity through parameters «
and (.° The detailed dataset generation and parameters setup are given in Appendix A.

We assume that all workers start computing gradients in the beginning, i.e. 7¢ = n. We fine-
tune the stepsize and illustrate the performance with the fine-tuned stepsize only choosing the best
one that achieves smaller gradient norm and fluctuations.

We conducted experiments in four different settings. In particular, each worker has a positive
parameter s;. The way these parameters are used is as follows

Fixed: in this case, » = s;. Such fixed timing implies that the delay pattern is fixed as well.

Poisson: for each worker we sample r ~ Po(s;).

Normal: similarly, we sample s ~ N (s;, s;), and then set r = |s| + 1.

Uniform: in this case, we sample r ~ Uni(0, s;).

The number r indicates how many seconds worker ¢ spends to compute one gradient. Such timing
patterns simulate possible workers’ behavior in practice.

First, we present the practical performance of the three aforesaid methods with full gradient
computation in Figure 1. We observe that pure asynchronous SGD gets stuck when the gradient
norm becomes about 10!, while two other methods achieve better stationary points with smaller
gradient norms. Moreover, shuffled asynchronous SGD starts converging faster than its random
counterpart around 10715, Further, shuffled asynchronous SGD achieves a stationary point with
roughly 10 times smaller gradient norm. We observe similar results for phishing dataset.

Next, we conduct the same set of experiments with stochastic gradients on synthetic datasets
changing parameters o and f; see results in Figure 2. We observe similar performance in stochastic
setting. Random and shuffled asynchronous SGD are superior to purxe asynchronous SGD. Our
proposed method always finds the stationary point with the smallest error, and in several cases,
the convergence is faster than that of random asynchronous SGD.

These numerical results support our theoretical findings. First, pure asynchronous SGD does
not converge to the optimum even when choosing small stepsize—it always gets stuck at the het-
erogeneity level. Moreover, random job assigning allows to get rid of this issue, and converge
to a better stationary point. Finally, more accurate job assigning via worker shuffling allows for
improving further the performance

®The corresponding dataset is denoted as Syn(a, 3).
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Figure 2: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and
stochastic gradient computation on synthetic datasets with different levels of heterogeneity and
poisson delay pattern. Here n = 10, A = 0.1, d = 300, m = 200, and batch size {5.

6 Conclusion

Our framework provides a deeper understanding of asynchronous SGD-type algorithms. In contrast
to previous works, we derive a theoretical analysis for few method simultaneously with improved
dependency on Tyax. In addition, our theory provides the intuition of what affects the conver-
gence of asynchronous-type algorithms, and how we can improve the convergence by balancing the
workers’ jobs. The analysis highlights two terms appearing in the rate due to delays and data
ordering caused by asynchronicity. We show that different prior techniques and our new proposed
approach, in fact, make those two terms in the rate smaller, and as a consequence, lead to better
practical performance. Moreover, we do not impose any assumption on the delay pattern. Finally,
experiments support our theoretical findings. We both empirically and theoretically show that pure
asynchronous SGD converges up to heterogeneity level. Besides, we demonstrate that the proposed
shuffled job assigning allows to balance more carefully the workers’ contributions.
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Figure 3: Comparison of pure, random, and shuffled asynchronous SGD with tuned stepsizes and
full gradient computation on synthetic datasets with different levels of heterogeneity and various
delay patterns.

A Additional Experiments

A.1 Experimental Setup

In this section, we provide additional numerical results as well as the detailed experiment setup.
We consider logistic regression problem with nonconvex regularization, namely,

d
Lz

18 e 2

For synthetic datasets, we set n = 10, m = 200,d = 300, and A = 0.1 in all experiments. The initial
point zg € R? is sampled from standard Gaussian distribution.

We compare the practical performance of pure asynchronous SGD, random asynchronous SGD,
and shuffled asynchronous SGD. We assume that all workers are active from the beginning which
implies that 7 = n. We perform a grid search for the stepsize over the set {0.005,0.004, 0.003, 0.002,
0.001,0.0005,0.0001}, and illustrate the performance with the fine-tuned stepsize only choosing the
best one that achieves smaller gradient norm and fluctuations.

A.2 Synthetic Dataset Generation

The generation function of datasets has two parameters o and 5. Below we detail the rules of
dataset generation:

1. Sample n numbers B; ~ N (0, 3).

2. Sample n vectors v; € R? such that each component [v;]; ~ N(B;, 1).
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3. For all i € [n] sample m vectors a;; € R? such that a;; ~ N(v;, %) where ¥ is a diagonal
matrix with Xj; = 7712 A set {a;;}7-; will be utilized feature vectors of i-th worker.

4. Sample n pairs of numbers u; ~ N (0, @) and ¢; ~ N (u;, 1).
5. Sample n vectors w; € R? such that each component [w;]; ~ N (u;, 1).
6. Let pij = o(w; aij + ¢;) where o(-) is a sigmoid function.

7. For all i € [n] sample m numbers b;; such that b;; equals to —1 with probability p;; and to 1
otherwise.

The larger o and ( are, the more heterogeneous local datasets are. In our experiments, we choose
these parameters from the set {0.5,1,1.5}.

A.3 Comparison on Synthetic Dataset

First, we test the aforementioned algorithms in the case of full local gradient computation in order
to avoid the effect of stochasticity and illustrate the impact of delay patterns only; see Figure 3.
We change the heterogeneity level controlling parameters o and 3, and delay patterns. We observe
that in all cases pure asynchronous SGD gets stuck much earlier than its counterparts regardless
of the delay pattern. However, due to that, we can choose a larger stepsize which leads to faster
convergence.

Besides, we notice that the shuffled asynchronous SGD method finds a better stationary point
than the random version which happens because of the more careful job assigning. Moreover, the
shuffled version sometimes can be even faster (e.g., normal Syn(1,1) and poison Syn(1.5, 1.5)).

B Useful Lemmas

We frequently use several well-known results.

Lemma B.1. Let {v;}" be a finite set of vectors in R%. Then we have

m 2 m
Sl <md il (15)
i=1 =1

Lemma B.2. Let a,b be any two vectors in R%, and a be any positive number. Then we have
(.) < S lall> + bl (16)
- 2c

The next lemma is useful when we work we double sums in the proofs. Let §(¢,m;) be any
non-negative function with two iterate-dependent arguments ¢ and ;. For example, 5(t,m) =
IV fir ()| or Bt m0) = [l2e — 2x, ||

Lemma B.3. Let 3(t,m) be defined as above. If 7¢ is defined in (2), then we have

T—1 t—1 T-1
Yo BUm) < (re—1) ) Bt m). (17)
t=0 j=m, t=0

Proof. Each term (¢, ;) appears for all ¢’ such that ¢ € [my,t"). We need to understand how many
such ¢’ might exist at most. Indeed, such term might appear only for ¢’ before ¢, thus, that job
should have been started somewhere in the past but still not been applied. The number of such it
is bounded by |A; \ Ry| = [Aix1 \ Re| — 1 < 7¢ — 1. O
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C Proofs for Analysis of Gradient Receiving Process
For r(t) <m < r(t) + 7, denote

2
m

Y (Vi(@) = Vi (2))

j=r(t)

o' (z) = E

Moreover, for shortness we use the following notation

T-1

T-1 T—1
A = Y Ellz-an?], B=Y E[VF@)P?], ®:=3 ¢} (w0
t=0 t=0 t=0

2

U o= ZE

t=0

-1
Z vfi]' (‘Tﬂ'j) - vf(xﬂ'j)

J=mt

The key part of the proof is bounding the distance between virtual and real iterates. Based on
(2) and (11), we have

t—1 t—1
Te=a —7 O, 9, (@x),  T=xp - >, V().
j=r(t) j=r(t)
Also, denote
m
A=Y (Vf(x)) = gi;(2x,))- (18)

j=r(t)

C.1 Key Lemmas
Lemma C.1. If 20yL7 <1, then

m m

E[IATIP] < 4B [67 @) + 5 O B[ @) + 2L Y E[ln - ox )]
g=r(t) J=r(t)

2T i]E[Hfo] } 27_—402.

j=r(t)

Proof. Fix any m such that r(t) < m < r(t) + 7, so that the iterates are within one block.

2
E[|A7I] <E || > Vi (ax,) = VE))| | +70
J=r(t)
2 m 2
< 4E Z Vi, (@) = V@) | +4E ||| Y Vi (xew) — Vi, (25)
Jj=r(t) J=r(t)
2 m 2
+ 4E Z Vi, (@) = Vfi,@a)| | H4E || Y. V(@) — V(zj)| | +70°

g=r(t) J=r(t)

< 4B ¢ (m)| + 4L Z E [[|z; — ox, %] + 8127 Z E [||lz; — 20| + 70%  (19)
j=r(t) j=r(t)

Next, we bound the third term involving E [||x] - a:r(t)”ﬂ.
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2
> Ellz-mel?]=+* Y E Z 9i(Tm,)
j=r(t) j=r(t) I=r(t)
m [ -1 2 m j—1 2
< 22 Y E||| Y gulen) - Vi@)| | +292 X E|| Y Vi)
g=r@t) | lli=r() j=r(t) l=r(t)
m r ) 9 m 7j—1 2
S Y1 o H R 9 A1 DIRZIEH
j=rt) = g=rt) | [li=r)
(19)
g g2y E ¢ (wnn)| + 1697 L7 3 Z E ([l — @0 17]

j=r(t) j=r(t) l=r(t)

m 7j—1 m 7j—1
+ 89207 Y Z E[uzl—xmnﬂm% > Z IV f(@)IP] + 2770
j=r(t) = j=r(t)l=r

< 8y Z (61 )] + 16721372 Y E [||wj—xT<t>\|2] +892L%72 " B ||z — 2, ]
J=r( j=r(®) j=r(t)
+ 29772 Z IV £@)IP] + 292720,
J=nr(t)

where we use the fact that 7« > 1. Choosing yL7 <
right hand side:

20, we cancel the term |[z; — z,()||* from the

Z E ||lz; — 2,0/ < 25 ¥ f: E ¢/ (20))] +2§572L272 f: E [[|z; — zx,|?]
j=r(®) r(t) j=r(t)
+ fQ 272 3 E |||V £(z))] ] 72r2o?.

Jj=r(t)

Plugging this inequality back to (19), we get

E[IAPIE] < 4B[60(on)] +427 30 E[lay — o l?] + 8230 3 Ela; - 2]

Jj=r(t) J=r(t)

200 2L2 Z E[gbj 1 )}

jT‘t

B 3 [l —an I + 202120 Y B[V IP] + Dy2rEro?
j=r(t)

j=r(t)

< AE ¢ (0] +

Using the relation y2L?72 < ﬁ further, we can simplify the above bound as

E[IATI] < 4E 6 m)] + o S B[ o 0]+ 21 Z E [lo; — o I?]
j=r(t) j=r(t)

;:i 1V £@)IP] + 350>

Since %6 > ﬁ we conclude the proof. O
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Lemma C.2. If 20vL7 < 1, then

T—1 U 25 2T 1 T—1
;;E[th—xtu} < ZE[ Toe)] + %ZE[\xt—xmu}
=P =A
+ ¥T§E [\\Vf(:ct)\lﬂ +ﬁa2T. (20)
9600L% < 24
=B

Proof. Notice that for r(t) < j < t it holds r(t) = r(j). Hence, we can replace gi)z_l(xr(t)) by
gb] 1( j)) in the summation below. If j < r(t), then ol (x, ) = 0.

T—1 T-1 t—1 2
SE[lm-ml?] = PYE|| X gw) - Vi)
t=0 t=0 j=nr(t)
T-1
= Y E[Al
t=0
Lemma C.1 -1 B 72 T-1 -1 _
< 4° E{ i r(t))} + EW 1(%@))}
=0 T 420 j=r(t)
1 T—-1 t—1 727_ T—-1 t—1
+ E |||lz; — 2, || + 5 E [|IV£ ()]
67 = 24 4
=0 j=r(t) t=0 j=nr(t)
2
T2
+ 2 T

1 T-1
5 2 F e = 2 1?]

IA
>|
\QM
N
&

t=0
2 7271
7T 2
ZE[HW }+240T
Using the bound on the learning rate we conclude the proof. O
Lemma C.3. If 20vL\/Tmax7c < 1, then
T—1 , 1 Tl )
> B[l —anl] < g L E[IVAGI |+ To
—A =B
2
100')/2 i

i Vfi;(@x,) = Vf(r,)

J=mt

ZE
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Proof. Recall that my =t — 3.
2

t—1
Z Gi; (xﬂ'j)

E (| - 2n |?] = +°E

J=m¢
t—1 2
g 72}E Z vfl] (mﬂj) + Tt720-2
J=mt
[l 41 2 t—1 2
< 3VE || Y] V() = V)| | +37E || Y Vi(an,) — V()
J=mt J=m¢
t—1 2
+ 3v’E Z Vf(zy) + 77202
J=mt
t—1 2
< 3y2L%n Z E [Hxﬂj - achﬂ +37°E Z szj :c,r] Vf(a:,rj)
J=m¢ J=m¢
t—1
+39%1 Y V()P + 7o,
J=mt

Then we add summation over the entire iterates and count the number of times (which is < 7¢)
each term appears in the sum:

T-1 T-1 t—1 T-1t—-1

E|lon —2l?] < 372 LTmax 3o D0 E [llam, — 212 + 397 7max 3. D E[IVF()I]
t=0 t=0 j=m; t=0 j=m¢
T-1 t—1 2
+ 37 E ||| D Vi, (@x,) = V()| | + TavegTy 0
t:0 j:ﬂ't
T-1 T—1
< 372L27—max7_0 Z E {me - xtHﬂ + S’YQTmaXTC Z E {va(xt”’z]
t=0 t=0
T-1 t—1 2
+37° Y E || Y Vi () = VI(5)| | + TavgT 0
t=0 J=m¢
3 T-1
9 2
< g5 2 E e -l + . Z;) E[IV£(a0)]?]
T-1 t—1 2
+372 ) E || Y. Vi, () = V()| | + ravgTV 0%,
j=me
provided that v2 L2 Tt < < 105- After cancellation, we get

T-1 1 T-1
S E[lee—anl?] < 7z 2 B[IVI@)IP] 4 27Ty 0”
= t=0

2

9 T—1 t—1
+ S E || X Vi) - Vi)
J=mt

Since Tavg < Tmax and Tave < 27¢ (the latter holds because of the Remark 5 in [24]), then we finally
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derive

T-1 T-1
1 2 2Tav
E|[lve —2n|?| < 575 DO E|IVF(20)] 07 ——="10"
g [ ’ } 13212 ; [ ] 20L\/TmaxTC
2
10072T 1 t—
Z E Z vfij(xﬂ'j> - vf(xﬂ'j)
J=m¢
1 T-1
<

132L2tZOE[|Vf( 2] + ;7o

2
10072 =

ZE

S Vi (n,) — VF(en)

J=mt

O
We can combine all the previous lemmas and bound E [||z; — Z¢||?] in the following lemma:
Lemma C.4. If 20vL7 < 1 and 20vL\/Tmax7c < 1 hold, then
Y E [th—ftuﬂ < 520 4+ 420+ ! gyt vo?T. (21)
- 5460 L2 240L
Proof. Summary of obtained inequalities
_ Lemma C.2 925 1 1 ’Y T
E ||lz: — 2 < V2o 4+ —A B+ —0o°T
2 o=l "< G+ A+ e B+ 5
Lemma C.3 1 100
< — B+ —~?¥ 0.
- 1322 + 33 5L 5L
Hence, using the restriction 20vL7 < 1 we get
~ 25 1 1 y
E|lz —Z)? < =4*0+—A B ’T
SB[l -] < G0+ oA+ grem B+ more
25 4 1 1 1 11yTo?
< ) B B+ —~*W¥
= 6 + 96 - 132L2 + 9600L2 + 30 + 100L
1 Y
= 570 B+~7*V 4+ ——To?
Tt seorz” T Taon 7
O

C.2 Proof of Theorem 1

Theorem 1. Let Assumptions 1 and 2 hold. Let the stepsize v satisfy inequalities 6Ly < 1 and
20L~\/TmaxTc < 1, the correlation period T = {ﬁJ , and quantities {0,%,7 E;/OTJ and v? are finite.
Then

E[IVfG@nI?] <O (2% + Ino? + 13428 (12)

L£)

where Fy = f(xg) — f*, ® = LT/TJ Z 0,” Tvz, and T is chosen uniformly at random from
{z1,...,27}.

Proof. The analysis starts from deriving a descent inequality for the virtual iterates Z; defined in
(11). Consider two cases for virtual iterates: depending on whether restarts happen or not.
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Iterations without restart: If restarts do not happen, namely (t+ 1) mod 7 # 0 then from
the smoothness assumption of f and (11), we have

~ ~ ~ L’Y2 2
E[f@s)] < E[f@)] —vEVFE), VI@)) + 5-E [[Vf(z)]?]
— E[f@)] - JE[IV/@I] - B | JIVI@ol?] + JE[IVS @) - VE@)IP]

+ B8 19 @]

IN

L2
E[f(@)] - 2E [IVF@)I?] - 2E [IVF@ol?] + 2B 7 — o))
L
” B[V £ ()?]
< E[f@)] - JE[IVF@)IP] - JE[IVfo)l?] + ”E (17 — 1]
Iterations with restart: If a restart happens, namely (¢ + 1) mod 7 = 0 then

ft+1 = Tt41 = Tt — VG4 (mﬂt)
= T+ (@ — @) =YV f(@e) + WV (@) — 790 (2r,))

t
= T — ’va(xt) + Z Vf($]) - gij(a"ﬂj) :
j=r(t)

=Al

Then we use smoothness of f to get

E[f(Zt41)]
< E[f(@)] - B [(VF(@), Vf(m) - AD)] + L;QE 1V () = AL
< E[f@)] - 1E(VF(@), Vf(@)] +1E [(VF(@2), AD] + LyE |V f(@)|?] + Ly*E [| A?]
< E[f@)] - 2E V@] - 2B [IVf @) 2] + 2B [V £(@) — 9 f()]?]
- 16%1@ IV £ @)I?] + 40LE [||AL1%) + LY [V f(20)|] + LB [[|A4]2]
< E[f(@)] - JE [IVF@)I?] - SE[IVS@)I?] + L;”E (13— 20l?] + s B [IVF @I

where in the third inequality Young’s inequality is used.
If we denote by &, the indicator function of restart event at £+ 1, namely &1 = 1 forall k > 1
and is 0 otherwise, then we can unify the descent inequality for both cases as follows:

E[f@)] < E[f@)] - 3E [IVF@E)IP] - JE[IV @) ]+—E [EREE

* (1610L IV £ @)I7] + 01L47E [ A2 D&, V>0, (22)

Next, we apply summation over the entire iterates and bound the terms that appear only in
every T iteration.
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TE[IVF@EIP] = ;Z_ZE[HW@”Z]

T—1
;ZE[HW(@) ViG] + - ZE[HW (F0)|?]

<
< ZLTZIE[H:Q@ il }+—ZE[HW #-)I?]

< QWEE l_z - +;§E[Hw<@_j>uﬂ
< oLy :zélttzlf[”vf - }+—ZE[IIW 7))
< 2097 ZE IV GIP] + 2= g E[IIV/@)I?]

< ”Og Iz }+8072E I

provided that 4 < Ly < & (e.g., 7 = Lﬁj) Then we can use this bound to derive

T—1 1 T—
> faoz 2 [IV/ @017 & LOZ 1V £ ?] + ZE[HW )] (23)
t=0
Then we use Lemma C.1 to bound Al:
T—1 T—1 L/yQT 1t
Ly Y E[IAIP] & < 4L Y E[diew)] &+ 5 2o D E6l @) &
t=0 t=0 t=0 j=r(t)
WTZ Z E |o; - 2x,]1°] &
t= 0] r(t)
— Lfsz =1
> 2 [nw wl &+ et X

Notice that summation over the entire iterates with weights &; is equivalent to division by 7.

-1 ¢ T-1 t—1 T—1 t—1
Z Z xr(t) gt Z Z ¢t Lr(t Z Z ¢ Lr(5) €t< Z¢t J;r
t=0 j=r( t=0 j=r(t) t=0 j=r(t)
Hence
T-1 _ T-1 41L’}/2T 1
NLP Y E[IANP] & < 164097 3T E [¢l(w,0)] & + ZE[@ 0]
t=0 =0
T—1
+1T1L?r 3D B ([l — 2, ]
t=0
=A

41 T-1 41 5 o
+24L772E[|Vf(xt)|y]+24LWT
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where A < 132L2B + 33 100 22y 4 PYTU due to Lemma C.3. Therefore,

T—1 T—1 41L72 T—1
41L9% 3R [||AY] & < 164092 37 E [0 (w,)] & +

( Z E [¢t ‘Tr }
t 0 t=0

171
LA20%T
10077

—L B+ 520L3+*r¥
+13277‘ + 520L°~*7¥ +

41
+ 5L Z E [|V£ ()]
T-1 9 T—1
< 164L Y E [oh(n)] &+ T

> el

L’y2 T

41
+ 4L’yaT

171
——L~v*rB + 26L*3 ¥
+132’)/7’ + 26
+LL 2T+ L B+
1007 V’TB+ 5

T-1

< 6950L*y* > "R [cbi(wr(t))]
t=0

6

79

B+ 26L*y°V + 4Ly*0°T. 24
zom0 Bt 6 +4Lv%o (24)
Plugging (23) and (24) (and lemmas as well) into (22) and adding summation, we have

E[f(r) — (o %ZE[HW % ||}§ZE[||W sl + 22 ZE[thn}

160L Z& 9@ ] + 41L5? th [IME

t=0
-1
—g E Ivs@)I2| - 1B
2 2 1 1 2
<5’y ZE[ :c”)}—k’y W+546OLQB+240L70T>
Y ~\[12
+ 5058+ 5 g E[|IV/@)|?]
2 3T 1 793 2.3 2 2
+ 6950127 >° B [¢f(2,0))] + 5o 7B + 261750 + 4Ly20*T
2 5280
Y g g 793
< (— + ) Z E [IIVf )|l } <_3 * 10920 T 1600 T 52807> B
T—1
L273 Z E ¢/~ (2,(0)| +6950L29° 3 E [6}(m,(0)]| + 27125
t=0
+ 5L7202T
< —1B+ L2 321@[ Hnw))] +695OL273ZE[¢t )] +27L%* 0
t=0 t=0
+ 5L7202T

According to the statement of the theorem, we assume that

min{k7T+75,T} 2
2= s maxE|| S (Vi) - V@) |
, zeRd 057<T t=kt
and
t—1 2
Z]E Z vflj(xﬂj)_vf(xﬂj))
J=mt
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Algorithm 2 Pure Asynchronous SGD

1: Input: zo € R?, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &
Initialization: for all jobs (i,0) € A1, server assigns worker ¢ to compute a stochastic gradient
gi(wo)
fort=0,1,2,..., T —1do
once worker i; finishes a job (i¢, ) € Apqq, it sends g;, (xr,) to the server
server updates the current model z:41 = x¢ — 7¢;, (vr,) and the set Rey1 = Re U {(3, 7))}
server assigns worker i; to compute a gradient g;, (z;+1)
server updates the set Ayyo = A1 U {(i,t + 1)}
end for

»

are bounded. So v? upper bounds ¥ term in the above inequality while 0']%’7. upper bounds qﬁi_l
and ¢! terms. Then, by averaging we get

T
1S 5(f(zo0) — f7) 1 B 1
=D E|Vf(z)l?] < + PL?? Y orr+ =V | +250y0%, (25

where P = 35000, and we use the fact that o = x¢ by the definition (11).

C.3 Convergence Guarantees in Special Cases

We emphasize that in the choice of stepsizes, we omit numerical constants for simplicity, and show
the dependency on the parameters of the problem only.

C.3.1 Pure Asynchronous SGD

At the beginning of the algorithm, the server assigns each worker to compute a gradient at zg, i.e.
Ay ={(¢,0): 7 € [n]}. Assoon as one of them (denoted by ;) finishes its job, the server assigns him
back new job at the updated point, i.e. ks = i;. We present the convergence for pure asynchronous
SGD.

Proposition C.1. Let Assumptions 1, 2, and 3 hold. Let the stepsize v satisfy inequalities
20Ly\/Tmax7c < 1 and 6Ly < 1. Let 7 = Lﬁj Then the iterates of Algorithm 2 satisfy

E[IVG@0IF] <0 (25 + 1o +¢?). (26)

where #; is chosen uniformly at random from {x,...,zr_1} and Fy :== f(xg) — f*. Moreover, if we
tune the stepsize, then the iterates of pure asynchronous SGD satisfy

o\ 1/2
E [va(it)HQ} <0 (LFO\/;maxTC i (LFOO' > _’_€2) 7 (27)

T

Proof. We need to bound quantities a,%’T and v2. If within interval [k7, kT + j] all indices from [n]
appear, then we do not have to consider them since

n

S (Vfila) = V() = 0.

=1
Thus, we have
kT+j
ij (Vfi(z) = Vf(z) = ;SWfi(w) — Vf(x)),
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where |S| < 7, and hence, we continue as follows

2

kT+j 2
H S (V@) =Vi@)| = Y (Vix) - Vi)
t=kt €S
< [SIYIVfilx) = V)|
€S

As.3
Next, we bound the term with V2. We have

2

— t—1
2 = Z Z vfz] mﬂt) Vf(l’m))

J=me
Lemma B.1 — — 2
< Z Z vazj Tr,) =V f(r,)
0 j:Tl't
Lemma B.3 9
< TC'TmaXC T.

Thus, the final rate is

=]
N I 1
E(IVA@IP] < 0| p+ 100" + 127 FraP T (T

e

F
= O <’ﬂO1 + L’yo'2 + L2727'2C2 + L272TCTmaXC2) .

Using the stepsize restriction and the value of 7, we get

E[|VF@)|?] < O($+L702+C2).

/2
Now we need to tune the stepsize. If we choose v = © (min { I \/Tnl]axm , ( Lf gT) }) , then we have

two cases

. ify=0 (ﬁ) then

E[IVF(@)?] < 0(?’m+hf?< FS )1/2+<2>

Lo?T

1/2
) (LFO\/;maxTC + <LFOUQ> + <2) .

T

1/2
. 7:@<(L5’3T) ),then
Fy (Lo?T\"? Fy \\/2
2l < Fo 2( o) 2
E[va(xt)ﬂ < O(T< i ) tLlot\757) +¢

1/2
_ O((LFTOUQ> +C2).

It is left to choose the stepsize to be the minimum over two cases. ]
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C.3.2 Mini-batch SGD

First, we show that the iterates of mini-batch SGD suit the update rule (2). The standard iteration
of mini-batch SGD has the following form

v
Zgtl = 2 T g Z V fi(zg).°
1€ By

Let By = {ig1,...,iqp} be the batch at iteration g, i.e. iy; € [n] for all ¢ and [, and By is sampled
from [n] uniformly at random without replacement. We initialize xy = 2o, and the stepsize 7 = %.
Then let us consider the following chain of updates

Tab+l = Lgb4+1—1 — ’vaiq,l (:Eqb) for [ = 1, ce ,b.
Then,
Taptb = Tabv—1 — YV fi 1 (Tgp)
= 2 -7 Y Viilrg), (28)
i€By

which is exactly the mini-batch update. Besides, we have that x4 = z,.

Let us give now the values for 7.x and 7¢o. At the beginning of each step of mini-batch SGD
the server selects uniformly at random b workers and sends them current model z4,. Then, workers
send one-by-one evaluated gradients while the server does not assign new jobs until the last worker
finishes its job. Observing (28) we conclude that the maximum delay is Tax = b — 1 < b for the
slowest worker while 7« = b — 1 < b which is attained at the beginning of the batch.

Now we apply Theorem 1. For that, we need 7 to be a multiple of b. This is achieved by
carefully choosing the stepsize and 7 restrictions.

Proposition C.2. Let Assumptions 1 and 3 hold. Let the stepsize v satisfy 20Ly < 1. Let
7 = b| 50— |. Then the iterates of mini-batch SGD with batch size b satisfy

20Ly
Fy L2
L fo gl
E[|VF(@)|*] <0 (w + = ) : (29)
where Z; is chosen uniformly at random from {zo,...,z7r_1} and Fy = f(zo) — f*. Moreover, if we

tune the stepsize, then the iterates of mini-batch SGD with batch size b satisfy

E[IV/ @I <o (Lij + L?‘f) . (30)

Proof. We run mini-bathc SGD from Algorithm 1 point of view with stepsize ¥ = %. Then we

should choose 7 such that 20Ly7 < 1. So we can choose 7 = bLﬁJ. Now we have two restricitons
on y

i:> <i
T=50

1 1
_— = < -
WLvrmmto !

— 20L°
That is why we should assume that v < ﬁ with previously chosen 7.
With the choice 7 we have, every chunk of size 7 consists of several full batches (each chunk has
the same number of batches). This choice of 7 is needed in order to apply conditional expectation
correctly. Indeed, let us take the conditional expectation depending on all the events before iteration

v

IN

7 =

SHere we denote iterates by zq in order not to confuse them with the notation of the paper
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(k — 1)7. This means that x(;_1), is fixed as well since it is computed using the gradients before
iteration (k — 1)7.

Let us assume that each period of size 7 consists of m > 1 batches. Then we can compute
the conditional expectation from the definition of U]% - splitting it into m independent conditional
expectations for each batch. Note that in this case, the maximum over j in (10) is always attained
for j =7 — 1. Thus, we have

2
kt+7—1
Ohr = Buonr | Do (Vfi(@g-nr) = VI(@E-1)y)
=kt
_ 2C2 _ 2 2

where in the last step we use the variance bound of the mini-batch estimator. Note that in one
node setting ¢? plays the role of standard variance bound of stochastic gradient estimator.
Taking conditional expectations one by one we can bound each O']%ﬂ_ term by 7¢2.
Now we switch to the v? term. Note that in this case, the delayed iterate for gradients within
one batch is the same, i.e. for j € [gb, (¢+ 1)b) we have 7; = ¢b, thus we can compute expectations
correctly. We split 2 is split into % terms 1/3 of the form

(g+1)b—-1 t—1 2
Vg = Z Eqb Z (vflj (‘Tﬂ'j) - vf(xﬂ’g))
t=qb i Jj=m
(@tp-1 [l 2
= Z Eg Z (Vi (xg) — Vf(ze))
t=qb j=qb
(g+1)b—-1 <2
< ) (t—qgb)?
= (t —gqb)
(g+1)b—1
= Y (t—g)¢
t=qb
v,
< (.
< ¢
Here we again need to take conditional expectation w.r.t zy, and afterwards compute bounds for

Vg one by one. Saying that, we have 1% < %%Q 2 < Tb¢%. Now we apply Theorem 1.

E[IVA@I < 0 (g5 +137r¢ + I70c?

O (FO + L7<2) : (31)
7}, b

IN

where we use LyT = ©(1),5 = ¥, and v < 20 507 - Note that T' iterations of Algorithm 1 are equivalent
to L iterations of mini-batch SGD. That is why the right-hand side of (31) is a standard rate of
mlnl batch SGD. However, we observe that the left-hand side of (31) is slightly different from
what we expect; there we get convergence for all intermediate iterates as well. In order to get the
standard rate we need to modify restarting virtual iterates in the following way

— YV f(xy,) ift+1=#7kforany k> 1,
€T =
i Tig1 if t+1 =7k for some k > 1,

then the left-hand side of (31) will be transformed to

T/b 1p—1 T/b 1p—1 1 T/b—1
= Y S E(IV ] = 5 3 S E[IVA ] = 7 Z E [||Vf(zq)]?]
q=0 [=0 q=0 [=0
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Algorithm 3 Pure Asynchronous SGD with waiting

1: Input: zy € RY, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = @,
batch size b > 1, gradient estimator g = 0 and number of received gradients r = 0
2: Initialization: for all jobs (4,0) € Aj, server assigns worker i to compute a stochastic gradient

gi(xo)

3: fort=0,1,2,...,7—1do

4: server sets g;o = 0 and Ry o = Ry

5: for j=1,...,bdo

6: once worker iy ; finishes a job (it j, 7 ;) € Agt1, it sends g;, (77, ;) to the server
7: server updates 9tj = Gt,j—1 T Giy (:Bﬂm.)

8: server updates the set Ry ; = Ry j—1 U {(ir;,m )}

9: end for

10: server updates the current model x4 = ¢ — % gip and set Rip1 = Ryp

11: server assigns worker 4; ; to compute a gradient g;, ;(z¢41) for all j € [b]

12: server updates the set Ao = Aip1 U{(ig1,t + 1)} U U{(ip,t +1)}
13: end for

which is exactly what we want. We only need to change T to Tb if we want to present the rate

w.r.t. the number of mini-batch SGD steps.

Now, if we choose stepsize v = © (min {%, L},}Jég }), then we have two possible options

1= ) Fy  L¢2 | Fb
T ; E [va(xt)H ] < 0 (ET + LTc2)
LF, [LF?
< 0 ( T + T ) .

o if v =0O(1) we have

A

o ify= @( L};Qé’z) we have

1 = Fy [LT¢2  L¢% | Fob
DN E||VF)|?] < 0= +
LFy¢?
< .
It is left to set the stepsize to be the minimum over two cases. O

C.3.3 Pure Asynchronous SGD with waiting

This case is similar to the previous one; the only change is that the server waits for the first b
fastest workers and assigns them new jobs back. Formally, the update has the following form

Zq+1 = g — 7 Z gi(zﬂq,i)> (32)
i€B,

where 7, is the iteration counter where worker i evaluated its gradient (possible delayed).”. Let
By = {ig1,...,igp} be the set of b fastest workers at iteration g. Then, we can rewrite this update
in the following form with xy = 2.

"Here we again use z; iterates notation in order not to confound with the updates of Algorithm 1
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Tgptb = Tgbb—1 — VGigp1 (Tqb—ryy 1)

b—1

= Tgp — 7 Z giq,l (xqbqu’l )
=0

We extend one iteration of (32) to b intermediate iterations of Algorithm 1, i.e. the total number
of iterations increases by a factor b. We also highlight the fact that the server does not assign new
jobs before all the workers from the batch send the gradients. This means that workers always send
gradients at points x4,. Note that 7¢ remains the same while 7. might increase b times in the
worst case. We are ready to apply Theorem 1.

Proposition C.3. Let Assumptions 1, 2, and 3 hold. Let the stepsize y satisfies 20Lv/bTiaxTcy < b
and 6L~ < 1. Then the iterates of Algorithm 3 satisfy

2
E|[IVf@)]?] <O (fT + Ly + <2> : (33)

where #; is chosen uniformly at random from {xo,...,zp—1,Zp,...,Z2p—1,...,2Z7p—1} and Fy =
f(zo) — f*. Moreover, if we tune the stepsize, then the iterates of pure asynchronous SGD with
waiting satisfy

1/2
E[IVf@)|?] <0 (F“V;jgm " (L?,j’ ) +<2) . (34)

Proof. We again need to find restrictions on the stepsize. We have
67y <1 = < —
T= T=6L

0L brmmere <1 = ~ <
TV OTmaxTC 7S 20L\/brmaxrc

Then we choose 7 = Lﬁj, and similarly to the case of pure asynchronous SGD we bound 0']%’7_ <
T2§2 while 12 < bTCTmaXC2T. Then the rate is

] T-1b-1 F ~
= E ||IVf(@gp)?] <O ( + Lo® + L3327 + L%?bmmx&)
Tb por e yTb
<O|—=+Ly— .
< <7T t Ly +¢ )
It is left to set the stepsize choice in a similar way as for pure asynchronous SGD. O

C.3.4 SGD with Random Reshuflling

In the beginning of each epoch the server sample a random permutation x4 of [n], and then gradients
come following that order. We initialize x¢o = 2p9. The chain of updates in this case has the form as
follows

Lgn+n = Lgnitn—-1 — ’vaxq(n—l)(an+n—1)
n—1
= Tgm =7 Z V fxa) (Tqntt)-
=0
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Note that in this case, the server receives gradients from the workers one by one without delays,
i.e. Tmax = 0. This means that we have the only stepsize restriction v < 6% since the other one
20Lv/TmaxTc < 1 holds for any choice of ~.

Moreover, since we take expectation only once at the end of the proof, we cover the case of SGD
shuffle as well without any additional changes. Now we apply Theorem 1 to derive convergence
guarantees in this case.

Proposition C.4. Let Assumptions 1, 3 hold. Let the the stepsize v satisfy 20nLy < 1. Let
T =n|555m Lmj Then the iterates of SGD with random reshuffling satisfy

(17 @017 < 0 (2% + IPneic?). (35)

where Z; is chosen uniformly at random from {zo,...,Tpn—1,%n,...,Ton—1,...,27—1} and Fy =
f(zo) — f*, and T is the total number of gradient evaluations. If we tune the stepsize, then the
iterates of SGD with random reshuffling satisfy

2/3
B [I9/(@)IY] <0 (“‘;9” - () ) . )

Proof. We need 7 to be a multiple of n in order to be able to correctly apply conditional expectations
(the same trick as for mini-batch SGD). We force the stepsize v < ﬁ. Then we automatically
satisfy the restriction 6Ly < 1. Now we need to choose 7. We need 20L~y7 < 1, so let us choose
T = "L20L |, then 20L~y7 < 20L’yn20L <1

We use the computations from [24], Section C.2. Thus, we have 0,%’7 < min{7,n}¢2. The fact
that 7 > n implies JI%J < n¢?. Since we do not have delays in this case, then v? = 0. This gives us

the following result applying Theorem 1.

Z ZE[ny sm)|P] £ 0 (22 + P07t

Now, if we need to tune the stepsize. Similarly to mini-batch SGD we should consider two cases.

o if v = O(£.) we have

T 1
s Z E [||Vf ) } = 0 (FOT + Long? (L253“@>2/3>

Ln

1/3
LFyn L*Fgnc¢?
< .
< oftne. (22

N

1/3
e ify=0 <(L2nT<2) / ) we have

IN

1 T-1 ) FO LQHTC2 1/3 5 o FU 2/3
T ;}E [HVf(xt)H } @ (T < T ) + L*n¢ (L%T@)

L2F2n(? 1/3
o((;} ) .

To get the final rate after tunning we need to set the stepsize as the minimum over two cases. [

IN
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D Proofs for Analysis of Gradient Assigning Process

In this section the iteration counter starts with 1, i.e. we consider y; as an initial point. Follow-
ing (13) and (14), we have

t—1
Y=Y = D Ik (Tay)s =Yy — Y, Vf(x)),
J=r(t) J=r(t)

where gg, (24,) is an unbiased stochastic estimator of V fi, (z4,) with variance bounded by o2,
Analogously to the proofs of Theorem 2 we define

2

= Z Vf(l'j) - gkj(xoéj)7
j=r(t)

In this section we use shortcuts

A = EE[u@—yatnﬂ, B—ZE[va 17, @—ZE[ )]

S V@) - V@)
j=r(t)

~ T—1 t—1 2
b o= S E||S VA e) - Vi)
t=0 J=m¢

D.1 Key Lemmas

Lemma D.1. Let real {z;}]_, and virtual {y;}]_, iterates be defined in (2) and (13) respectively.

Then
—B=" Z gi(!Bj)-
(4,5) €A\ R
Proof. We prove the statement by induction. The base is trivial zyg — yo = 0 by definition while
Ao = Ry = @ as well. Let the statement hold at iteration ¢, now we show that it is true at iteration
t+ 1 as well. Indeed,

Tt+1 — Yt+1 = (xt - vflt (xﬂ't)) - (yt - ’vakt (xat))
P ST Via) F (Y (2a) = fi () (37)
(4,7)EAN\R¢

Now we note that the connection between sets is updating as follows

A1 \ Rev1 = (A U{(k,0)}) \ (Re U {(ie, ™) })
= (At \ Re) U{(ke, cr) } \ { (i, ™) }-
Plugging this into (37) we get Ti11 — Yr41 =V 2 j)e A \Resr Y Fi(T5)- O

Lemma D.2. At time step t the following inequality holds

E [[ly — 2]?] <%(r¢ = )2G? + (10 = 17202, (38)
Proof. Loaded with Lemma D.1

2 2

<+’E + %% (¢ — 1)

> gilw))

(4,7) €A\ R¢

> Vilay)

(4,5) €A\ R

< Ple-1) Y E[VA@E)IY] +120%e - 1)
(4,5) €A\ R
< (o —1)°G? ++%0% (10 — 1),

since |Apy1]| = | A + 1.

Elly —=l?| = +E
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Lemma D.3. If 30Lvy7 < 1, then

- 8 I 6
E [IA7I] < 4B [ )] + 2Ly Y E[H @) + o (7o — 126 + 2 (0 — 1)o
j=r(t)
90 Ui 4 ua 2
+ L2 Y By - ye, ] + o Y E[IVF()I?] + oo (39)
7 . 71 35
j=r(t) j=r(t)
Proof. Using Young’s inequality we have
m 2
EIAPIP] SE|| Yo Vi, (wa,) = V@) | +70°
j=r(t)
m 2
=E ||| Y Vi, (@a,) £ Vi (@) £V, (@) £ V(@) — V)| | +70°
j=r(t)
m 2 27
<AE ||| > Vi, (za;) — Vi, (z5)|| | +4E Z Vi (@5) = V fi; (@r(s))
li=rt j=r(t) |
2 m 27
+4E Z Ve, @) = V@)l | +4E || Y. VF(@w) — V()| | +70°
j=r(t) j=r(®)

We continue as follows

E[IAPIZ] < 4B [di(one)] + 42 S0 E[lo; - way ] + 8L3 3 E [la; — 2]

j=r(t) j=r(t)
—1—702
m
< AR 72| + 12027 D7 B [l =yl + s — by 12 + ey — 2y |?]
j=r()
m
+ 24227 3" E [l =y + 15 = 9o |2 + vy — @ I1P] + 707
J=r(t)

For the terms of the form |z, — y4||* for some a we use Lemma C.1. Using the above and the
stepsize restriction, we have

A - 2
E[IA7IP] < 4B (67 @n)] + 5 (e = 1°G* + 12L°7 ZE[\y] Yo 2] + 0
j=r(t)
2
+24L%7 ZE[H% —yill*] + 55 (e = 1o, (40)
j=r(t)
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For the last term, we have

m m 7j—1 2
> Ellvw - wl] = X PE||| Y gnza)
j=r(t) j=r(t) l=r(t)
m 2 m 7j—1 2
<2y* > E Z gk (Tay) = Vi@)| | +27° D E ||| D Vi(w)
j:r(t) I=r(t) J=r(t) l=r(t)
=272 3 E[IA7P] + 297 > Z INZiEN
j=r(t) J=r(t) =

j=r(t) I=r(t)

4
P Z E 0] @) + 5277 (10 = 1°CP7 + 2497 L7 Z E[Z = ?/az\2]
-7

DS ZEU%)—MH}HMZ ZE[Wf:cl ] + 292727

j=r(t) 1=r() =) 1= ()
2
= 1
+ 25’}’ (TC )J
4 m
<892 30 7 ) + e~ VPG 4 2L S |
j=r(t) j=r()
= 4
AL Y ey —wsl” + 207 Y IV (@))° + 290" + ey (o — 1)o”
i=r(t) j=r(t)
4
< 8y? Z () + om0 — 12G + = Z ;= Yo |I°
2 5
j=r(t) g=r(t)
m m 4
7= 2 v =il +29°7 3 V)P + 29770 + 29 (0 — 1)o”
= j=r(t)

Hence,

B 12
Z 1Yrey — y5ll° < 7 Z 0 (@) + =7 (e G27+ Z 19 — Y, |I?
j=r(t) J=r() J =r(t)
150 150 12
+ 10500 Z IV 52+ 22rto? 4 Bt~ 1)02 (a1)
j=r(t)

Plugging (41) in (40) we get

E [IA712] < 4B [ (o) + 225<c—1> &+ 1217 3 By — o IP]

J=r()

24172 3 I = 1262 4 2 B 2
+24L%r Z (67 )| + 27770~ PCPr 4 2 3 Ellys v, ]
j=r(t) Jj=r(t)

150 150 12
T ) E [V f(z;)]?] + 727202+7172(TC—1)02)
j=nr(t)
- 48 m ~i 6
—4E {th (xr(t))} + Ly > E [dﬁ 1(%«@))} + 71( c—1)°G?
j=r(t)
90 = 4 & 2 6
+ =7 3 Ellyy — e, I?] + 7 X0 IV + o70” + (e — 1)o”,
[ [ 35 71

: 1
where we again use the fact that Lyr < 55
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Lemma D.4. If 30Lyr < 1 and 30Ly7¢c < 1, then

T N 6 X .
32 i1 < 7 B )]+ gy~ 16T 4 Sl
t=1 P
1 E [IVF@)I?] + er*ro’T + 1o 42
*mi V7] + 2rtro®T + St - o, (@2)

: 1
Proof. Using Lyt < 55

2

Z 9k; xaj Vf(l'j)

j=r(t)

T T T _
SB[y -] =1*YE =Y E A7
t=1 t=1 t=1

T

6 T 6 , oo B8 g D
< 4P YR |G wn)| + g2 e — 1P + 130 T B0 )
t=1

t=1 j=r(t)

o~

m -1

4y2r & 2
+ L%ZZ s = v, 1P + =70 Y- E[IVF@)IP] + =2°70%T

t=1 j=r(t) t=1 j=r(t)

6
+ —=7*(rc — 1)o?

71
442T 6 4 2,2 2.2 2
ZE[ zon)] + 7 (e — 1°GPT + LWTZZE[HyJ Yo ]
tly’r)
477'

T
> S (195 + 20T + S - 102

t=1 j=r(t)
We continue as follows
d ~ 12 44 d Tt—1 6 2 2
S E(llye —5l?] < =47 3B 617 (@) + 27 (0 — 1°G T+—ZE[H% Yo |?]

1 2 6
- E 2 2202 2 —1)o2
+ e V7 @)IP] + 557770°T + 4% (rc = 1o

O
Lemma D.5. If 30LyTmax < 1, then
T T t—1 2
01 2 oy 100 o
D E [l =] € G500 ~ DG + 5293 B || 3 Vi (n,) = VS ()
t=1 Jj=at
T ~y 2
E 2+ Lo+ =42 (rc — 1)0°T. 43
+ g7 2 B IVF@I] + o™ + g0 (e =)o (43)
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Proof. We have

r 2
t—1
E [lv: = vaul?] = 7V’E ||| 2 9t (o)
Jj=o
[l t-1 2
<~E Z Vi, (2a;) £V f(2a;) £V f(z)) + 210
Jj=o
= 2 -1 2
<3YE ||| D Vi, (2a,) = V(xa,)|| | +37°E ||| D VF(za,) — VF(z))
J=o J=o
t—1 2
+37%E Z Vf(zy) + 72 10?
Jj=ou
t—1 t—1 2
< 3L2’V27’:t Z E |:Hx04j - mj”ﬂ + 372]}3 Z vfkj (J:Oéj) - vf($aj>
Jj=ou Jj=o

t—1
+39%7 Y B[V ()|?] +4*no®.

Jj=a

Then we add summation over the entire iterates and count the number of times each term appears

2

T T t—1 T t—1
SOE 9 = vool?] < 3L Fax Y- D0 E [llza; — 77| + 372 Y E || Y Vi (2a;) = VS (way)
t=1 t=1 j=az t=1 Jj=ou

T t—1

+ 37 Fmax 3 2 B[V F(2)) 2] + Favgr?0®T
t=1 j=o
T T t—1 2
< 3L2’727~'§13X ZE [H:L’at - iUt”Q} + 3’)/2 ZE Z kat(xaj) - Vf(xaj)
t=1 t=1 j=ay

T
+ 392720 3B [|VF(@)|2] + Faver 0T
t=1
2

1 T T t—1
< %ZE |:||«To¢t _«TtHQ] +37> E || Y. Vi (2a,) = Vi(za,)
t=1 t=1

Jj=a

1 d 2 ~ 2 2
+ 3072 2 B [IVF@OI] + Fun®o™

where in the second inequality each term in the double sum appears at most 7. times. Using
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Young’s inequality we continue as follows

T T

1 ~
S E [yt~ vull’] < 155 2o [I@ar = vl + e, = el + e = ell*] + Favgr 0T
t=1 t=1

2
T t—1 T
1
+3V Y B || Vi (@a,) = VI@a,)|| | + 20075 2B [[IVF ()]
t=1 j:Oét 300L t=1
1 2 22 2 1 d 2 ~ 2 2
< 57T (e = G T + (10 = 1)o*) + 155 D E ga = l1?] + Favgr0®T
t=1

t—1 2

Z V [ (xaj) - Vf(xaj)

Jj=ai

1 T

T
2 2
+3y ;E + 35012 ;E IV F@)I?],

where we again use Lemma D.2. After cancellation, we get

2

4 2 2 5 2,2 100 , d -
STE 9 = veul?] < 5720 = ) CPT+ 2 S E ||| Y Vi (2a,) = V(2a,)
= 99 3 = ~
= J=0on
1 & y 2
BRI ) 2l . 0 2p i f 20 \o2T
+ 29712 ;:1: [va(xt)u } + 15LU + 997 (tc )o T,
where we use the stepsize restriction. O

We can combine all previous lemmas into one.

Lemma D.6. If 30yL7 < 1 and 30yL max{Tmax, 7¢} < 1 hold, then

T
- ~ 1 1 1
E — 3|2 < 892D + 42U + —~2 (10 — 1)2G*T + —~%(1c — 1)*G*T B
; {Hyt yt” } S8V e 4y + 107 (TC ) + 107 (TC ) + 00332
2
— T. 44
t 525077 (44)
Proof. Summary of obtained inequalities
T Lemma DA 44 .~ 6 1 ~ 1 2
]E o~ 12 < 72(1) 2 _12G2T 714 7.8 e 2 2T
; [lve = ) = TV H (e —1) T70t T o’ T35 Y
6
+ ﬁ’}/Q(TC — 1)02T,
~ Lemma D.5 2 9 9 2 2 9 9 100 9= 1
< — - 1)*G*T + — —1)o“T + —~*“¥ B
< a7 (tc — 1) + 597 (rc = 1)o"T + 337 ¥+ 5572
Y2
——0c“T.
URTTAd

Hence, using the stepsize restriction 30LyL71c <1

T
A4 .~ 6 1 1 6
E —l?] € =~2® + —~2%(1e — 1)2G?*T B 2T+ —~2 (10 — 1)0*T
by e = 5el1*] < Z2°® + =770 = 1’ C*T + [z B+ 232270"T + =7 (1c = 1)o
~ (= _12QT 4+ 2 —1Do2T + =2 B+ L o2T
70 (99V (o= 1) t g7 (o Do Tt Ut o B 510
| 1 1 1 10 -~
< 82D + — 2 (10 — 1)2G*T + —~2(1¢ — 1)o*T B 2T + —~20,
<8y @+ 57 (o - 1) + 197 (e = Do T+ graars B+ 5osp 10 T 0517
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D.2 Proof of Theorem 2

Theorem 2. Let Assumptions 1, 2, and 4 hold. Let the stepsize v satisfies inequalities 6Ly < 1

and 30Ly max{Tmax, 7c} < 1, the correlation period T = [ﬁJ, quantities {5,%77 ,EZ/OTJ and U? are

finite. Then

Ja -
E[|Vs(@n)?) <0 (V} D0+ PP+ Do (e — 176, (14)
where Fy = f(y1) — f*, P = LT/rJ Z O'kT Tﬁ2, and T is chosen uniformly at random from

{xl, ‘e ,QZT}.

Proof. Again, we analyze separately iterations of restarts and without.
Iterations without restart: If restarts do not happen, namely (t+ 1) mod 7 # 0 then from
the smoothness assumption of f and 7; update rule, we have

2
@) < f@t)—7<Vf@t),Vf(wt)>+L77||Vf(wt)ll2

2
£~ LIV FGIP = 2I9 5@ + 2195 G — V@ + 219 )P

LQ,Y B L,YQ
< flye) — *va( ) - *”Vf( DI+ TH% — o + THVJC(%:)H2
< f(u) - §HVf(yt)|!2 - gl!Vf(fﬂt)H2 + L)% — yell? + L2 lle — el
Iterations with restart: If a restart happens, namely (¢ + 1) mod 7 = 0 then

Uir1 = Yerl = Yt — Y9k (Tay)
= e+ (e —y) — V() + WV (@) — 79k, (Ta,))

t
= G— V(@) +v D> VIx)) = gi(2a,)-
j=r(t)

=A!
Then we use smoothness of f to get

f@es1)

~ 2 ~
< PG~ AT FG), V) — Bl + |V f ) - AP
< S@) = WV F @), V(@) + (VI G AD) + Ly [V f )|+ LAY
< F@) = SIVEGI? = SIVF @I + SIVIG) = V@)
+ oz IV + 0Ly NBYI2 + LIV £l + L2 A2
L?
< F@) - UVFGI? - LIV F@P + S0 il + o IV G + 61L7 2| AP
<SG = SIVF@I = SIVF @I + LG = wll? + LAlles =il + 1557 1V £ GOIP

160L
+61L% | AL,
where in the third and fourth inequality Young’s inequality is used.
If we denote by & the indicator function of restart event at ¢ + 1, namely &,,_1 = 1forall k > 1

and is 0 otherwise, then we can take expectation and unify the descent inequality for both cases as
follows:

E[fG)] < ELFG) - 3E [IVF@I] - 3E [IVF@0)I?] + L9 [|5 - wl?]

+L%E[||yt—mt||2}+(24OL IV5@)I] + 01zE [IAR) ) & (45
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for all t > 0.
Next, we apply summation over the entire iterates and bound the terms that appear only in
every T iteration.

T—1 -~
EVIGI] = & Y E[IvsG)P]
j=0
< 23 R(1VsG) - iG )I?] +2§E[|er<~ )I?]
= o7 ==l Yt Yt—j Ir = Yt—j
2, 71 T—1
< T E[ln g J||}+fZE[HVf<yt AP
j=0
2.[/72 T—1 2 ) T—1
< SE|| Y Vi 1 B IV Gy ]
3=0 l=t—j j=0
T7—1 t—1
< 202y Y E[HW )| ] +—ZE[HW i) }
7=01l=t—j
<y E IV F (@ y)IP] +*ZE [I1£ @i-5)12]
=0
~ — ~ T— 1
< gz [19F G- IP] + 1207 SO [19£Gey)I]
j=0 7=0

provided that 45 < Ly7T < 4= (e.g., T = Lﬁj) Then we can use this bound to derive

' 1

T T
;240L V@] & 37; IV £ l?] + ;; INZAlE (46)

Then we use (39) to bound E [||AY||?]:

(rc — 1)°G?¢

T B T B T 6L~2
LIPS E[IAIP] & < ALy? Y E [ ()] G+
t=1

t=1
4 6L’72 2 3.2 2
Y (e = Do’ + sz Z E [|ly; — ya, ] &
t=1 t= 1] r )
T
D1y S E |6/ (zn)] &
t=1 j=r(t)
AL ) o7
7”17; Z()E[Hw w)P] &+ o LoPro®
g=r(t

Notice that summation over the entire iterates with weights &; is equivalent to division by 7.
t—1 T

zt: E [0 (@) & XT: E |6 (o)) & = Y ti E [)(20()] &

= t=1 j=r(t)

zz: {(btxr }

\\Mﬂ

~+

,_.
<.
Il
i
=
=
=
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Hence,

T
61" 3B [IA1] &

IN

T T
15100L23 ZE [qbt Tt )] + 6Ly (rc = 1)’G* + 6L7°— (7¢ — 1)o”

2 244 T
A 2T 1 1 - L%ZE[H%—%HQ] +71L'YQT;E[\W(%)H2}

L D.5
T 151000243 Z E [G}(.(0)] + 360L%? (r0 — 12G2T + 360L%9* (¢ — 1)0°T
t=1

2 183 2 2 100
— Iy T + —-L* (2 —12G?*T + —~*(1c — 1)o*T A2
+ 3 =L 997 (¢ —1) + 597 (e = 1)o"T + — 337

122
B+ g2T) +-——4B

* 297L2 15L 1065 |

IN

15100L2~3 ZE (04 (22))] +361L29% (70 = 1)2G*T + 361125 (v = 1)0*T

9 49837
I 2 2T
Tt S 6015

Plugging (46) and (47), lemmas D.2 and D.4 into (45) and adding summation, we have

B+ 80L%y3 . (47)

T T
E[f(re) — f@)] < —3 D E[IV/@IP] - 3 X E[IV/@)I?]
t=1 t=1

T T
+ L2y SB35 - well?] + L2y 3O E [l — well?]
t=1 t=1

24OL Z& 175G ] + 6127 ZUE [12¢)?]

t=1

T
ZIE IV @) = 3B+ oo B+ 3 S E[IVF@)I]
t:l

IN

3600

44 6 1~ 1 9
L%~ 29 ~1)2G*T+ —A+———-B+ —~*15°T
+ < ! 7 (re = 16T + 707 T o5 357 T

6
+ (e - 1)02T> + Ly (10 = 1)°G’T + L*+*(1¢ — 1)0°T
+ 15100L243 ZIE (04(w00)] + 361L%7° (70 — 1)2GT

t=1
49837

246015

+361L%7° (10 — 1)0°T + 2Ly°0°T + 80L**T +
Rearranging terms we have

N B Ly v y 49837y 2 2
® B < g B B B+ 4Ly%0*T
Fre) =@l = =3B+ 35568+ 508 T se0i5° + 7

+ 364L%~3 (¢ — 1)°G?T + 364L>*y3 (1 — 1)0°T

t=1

IN

—%B 4 4L420%T + 8L273<f n 81L273\I/
+ 15100L243 ZE [01(200)] + 364L%° (70 = 1)2G*T
t=1

+ 364L%*y3(1c — 1)0*T.
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Algorithm 4 Random Asynchronous SGD

1: Input: zo € R?, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = &
. Initialization: for all jobs (i,0) € Aj;, server assigns worker i to compute a stochastic gradient
gi(xo)

[\v]

3: fort=0,1,2,...,7T—1do

4: once worker i; finishes a job (i¢, ) € Apqq, it sends g;, (xr,) to the server

5: server updates the current model z:41 = x¢ — 7¢;, (vr,) and the set Rey1 = Re U {(3, 7))}
6: server assigns worker kyy1 ~ Uni[l,...,n] to compute a gradient gi, , (r¢41) <ie, oy =t
7. server updates the set Az = Ajpq U {(kir1,t+ 1)}

8: end for

Using the same argument as in the proof of Theorem 1, the above leads to

1XT:E[HW( 2] < W) =) L o600L202(rs — 112C2 4+ 2600 Lo
- w)IP] < T 00013 (e — 1)°G? + 2600100
t=1
2 2 1 S 2 1 2
4106000022 [ —— S a2+ ).
|T/7] k; BTOT

D.3 Convergence Guarantees in Special Cases
D.3.1 Random Asynchronous SGD

The algorithm [24] is almost identical to pure asynchronous SGD. The difference in the assigning
process; the server chooses a new worker uniformly at random from all the workers regardless it
is busy or not. Such choice allows to equalize the contribution from all workers. In this case, we
always assign a new job at the last available model, i.e. 7 = 0.

Now we derive the convergence guarantees for this algorithm.

Proposition D.1. Let Assumptions 1, 2, 3, and 4 hold. Let the stepsize satisfy 30L7¢cy < 1, and
T = Lﬁj Then the iterates of Algorithm 4 satisfy

N F
E[IVG@0I] £ 0 (55 + 1o + In¢ + 20762, (43)

where #; is chosen uniformly at random from {xi,...,z7} and F; = f(y1) — f*. Moreover, if we
tune the stepsize, then the iterates of random asynchronous SGD satisfy

LF L\ (LR (RLreG\Y/3
E[HW(@)H?]SO< :;TCJr( T”) +< f) +<1]f0) . (49)

Proof. The proof is similar to that of pure asynchronous SGD. In this case we have

kT+j
> (Vi (x) =) (Vfix) = Vf(2)),
t=kt €S

where |S| < 7. Therefore, we can continue in the following way using the fact that k; is always
sampled independently

2

kr+j 2
E || (Vir(x) = Vi(x)) =  E||D_(Vfi(z) - Vf(x)) }
t=kt €S
= Y E[IVAi) - V@)
€S

Asm. 3
< |S|I¢2 <
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This gives O'z S 7¢? bound. Since oy = t in this case, then v? = 0. This means that the rate is

given by

E[IVA@)IF] <0 (S5 + a0+ In¢ + 2?62
Now we need to tune the stepsize. Now we have three cases to consider. Indeed,

o ify= @( )then

E[Ivi@)e] < 0<f}+L<02+<>

1/2
o ify= @((LT02>/>,then
P (LTo?\"? Fo\V2
F] < of7 *(z02)
E[Ivi@lR] < o<T< R
F 1/2 F 2/3
2 1 2 2 1
+ LC <LT§2) + L°75 2G (LQT%TGQ)
- of (A 1/2+ LF(2 1/2+<F1LTCG>2/3
= T T T ‘
2
o ify= @((LT§2)/>,then

E[||Vf ()]

INA
6]
—
NIRRT
A/~
s

1/2 I 2/3
2,2 ~2 1
Lo <L2rgTG2>
- of (A 12+ LF(? 1/2+<F1LTCG>2/3
= T T T ‘
1/3
° lf’yze)(([%g}]j@) ),then
L2T TG? 1/2
A 2
E[Ivs@l?] < 0<T< < ) 7 (5s)
Iy
L 2
e (Lw) ( ’ 2TG2> )
_ ol (LR /2 LF1C2 12 (F1L70G>2/3
= T T '

To get the final rate after stepsize tunning we need to set the minimal stepsize over all cases. [

2\ 1/2 1/2
LT¢ n L0_2< Fy )
LTo?
/
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Algorithm 5 Random Asynchronous SGD with waiting

1: Input: zy € RY, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = @,
batch size b > 1, gradient estimator g = 0 and number of received gradients r = 0
2: Initialization: for all jobs (4,0) € Aj, server assigns worker i to compute a stochastic gradient

gi(xo)

3: fort=0,1,2,...,7—1do

4: server sets g;o = 0 and Ry o = Ry

5: for j=1,...,bdo

6: once worker iy ; finishes a job (it j, 7 ;) € Agt1, it sends g;, (77, ;) to the server

7: server updates 9tj = Gt,j—1 T Giy (:Bﬂm.)

8: server updates the set Ry ; = Ry j—1 U {(ir;,m )}

9: end for

10: server updates the current model x4 = ¢ — % gip and set Rip1 = Ryp

11: server samples new batch of workers {kiy1,1,...,ki+1,} of size b

12: server assigns worker k;11,; to compute a gradient gy, , (w¢41) for all j € [b] <ie., apj =1t

13: server updates the set Ao = A1 U {(kpp1,1,t + DU U{(kep1p, t + 1)}
14: end for

D.3.2 Random asynchronous SGD with waiting

The algorithm we consider in this paragraph is a special case of FedBuff [39] when we perform
only one local step (because this is out of the scope of our work). The difference with the previous
algorithm is that the server waits for the first b workers before performing one step, i.e. one step
has a form

Zq+1 = Zq — ;)7 Z vfi(zﬂq,i)a (50)
keBg
where 7 = %. Next the server uniformly at random chooses new b workers By = {kq0,...,kgp—1},

and send them new jobs. The update of {y; Z;Bl

Ygprv = Ygbrb—1 =TV frypoy (Tgp)

= yp—7 > Vie(ze)

keBy

so that now it satisfies (13). As we can see, 7, changes from 0 to b — 1 within one batch, i.e.
Tmax < b. That is why we choose stepsize such that 30Ly max{b,7¢} < 1 and 6L7 < 1, then all
stepsize constraints are satisfied. Now we set 7 = bLﬁJ, so that 7 is a multiple of b which is
needed to take correctly conditional expectations. This gives the bound 30LF7 < 1 we need in the
proofs as well.

Proposition D.2. Let Assumptions 1, 2, 3, and 4 hold. Let the stepsize satisfy 30Lvy < 1, and
T = bLﬁJ. Then the iterates of Algoritm 5 with waiting satisfy

F (% + o2 T2
A2 1 2.2~2'C
E|IVf(@)*] <O (w Ly + DS (51)
where #; is chosen uniformly at random from {z1,...,xp,...,2Z2,..., s} and Fy = f(y1) — f*.

Moreover, if we tune the stepsize, then the iterates of random asynchronous SGD with waiting

A LT Lro2\'?  (LR\Y? SR LreG\2Y/3
E[nwu»n?]go( T10+< sz) vk +(1Tb°’) (2
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Algorithm 6 Shuffled Asynchronous SGD

1: Input: zy € RY, stepsize v > 0, set of assigned jobs Ay = @, set of received jobs Ry = @,
random perturbation of workers y, worker counter r = (
2: Initialization: for all jobs (4,0) € Aj, server assigns worker i to compute a stochastic gradient

gi(x0)

3: fort=0,1,2,...,7—1do

4: once worker i; finishes a job (i¢, ) € Asq1, it sends g;,(zx,) to the server

5: server updates the current model z;41 = x¢ — 7¢;,(zr,) and the set Rey1 = R U { (3¢, )}

6: server assigns worker x(r) to compute a gradient g, (y(7¢+1) and updates 7 <= r +1 <i.e.,
ap =1

7: server updates the set Asyo = Aip1 U{(x(r),t +1)}

8 if r =n then

: server samples new perturbation of workers y and set r =0
10: end if
11: end for

Proof. We again start with stepsize restriction. The effective stepsize 7 = § should satisfy 6L7 < 1
and 30Ly max{b,7c} < 1. This is implied if v satisfies 30Lymax{b,7c} < b. Next, we choose
T = b[ﬁj. First, this choice allows to apply conditional expectation correctly. Second, it
satisfies the restriction 30LyT = 30L%b{ﬁj <1

Now we need to compute &%T and 72 quantities. We start with the first one. Each chunk of
size 7 in this case consists of m > 1 full batches of size b. Every batch is independent of others,
therefore we need to compute sequence correlation within one batch and then sum altogether. The
sequence correlation within one batch is the same as in the case of mini-batch SGD since a batch
is chosen uniformly at random, thus, 51%,7 < 7¢2. 72 term is similarly bounded by Tb¢? since for all
delayed gradients within one batch the argument «; is the same, and therefore we are able to take
conditional expectation correctly. Thus, the rate we derive is

1 T—-1b—-1 Fl N N N N
Th > D E [HVf(xqu)IIQ] < 0 ('VTb + L7o® + L*3*7¢* + L*72b¢% + LZT%’YQGZ)
¢=0 1=0

F o + ¢? 5 9 0T
O|—=+1L L272G2C ) .
(’yT—i_ v b + L b2

It is left to tune the stepsize. We have three cases similar to the previous case, therefore we skip

computations for that part.
O

Remark. We observe that waiting for b workers improves the second and third terms. However,
we pay for that by waiting time. In practice, there is a trade-off between the number of workers
we need to wait and the convergence speed.

D.3.3 Shuffled Asynchronous SGD [NEW]

This method is inspired by the superiority of SGD with random reshuffling and shuffle once. In
random asynchronous SGD workers might have different amounts of work depending on the random
seed. However, we want to ensure that all workers have the same number of jobs in order to have
a balance between all of them, but we still want to do it in random order. Therefore, we sample
a permutation x, of [n] at epoch ¢ and then assign new jobs according to x,. We can sample
permutation before every epoch, or just once in the beginning. Here we want to utilize all available
resources, i.e. 7o = n.

Now we present the method formally. Before epoch ¢ we sample a permutation x, of [n]. Then
one epoch of shuffled asynchronous SGD has the following form

an-ﬁ-l—‘rl - an—‘—l - ’)/Vfiqn+l (xﬂqn_;,_l) Vi € [07 n— 1]7 (53)
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where 7y, is the iteration counter of the model where the corresponding gradient has started to
be computed. The sequence of virtual iterates {y;}7_, is computed as follows

Ygn+i+1 = Ygn+l — vaxq(l) (l'qn) (54)

Again, 73 = 0, therefore, the stepsize restrictions are 30Lyn < 1 and 6Ly < 1. We choose 7 =

nLﬁJ, so that 7 is a multiple of n in order to take conditional expectations correctly. Note that
v

we satisfy the condition 30Ly7 < 30L’ynm =1 as well. We are ready to apply Theorem 2.

Proposition D.3. Let Assumptions 1, 2, 3, and 4 hold. Let the stepsize satisfy 30Lyn < 1, and

T = n[ﬁj Then the iterates of shuffled asynchronous SGD satisfy
F
E[IV(@017] < O ( 5+ Do + Iyn? + 176778 ). (55)
where Z; is chosen uniformly at random from {z1,...,2p,...,Zon,...,zrn} and F1 = f(y1) — f*.
1/3 1/3
Moreover, if the stepsize is set as v = min {30an, (szﬁ) / , (MW) / } , then

nF,  (LFo2\"* [(LF 25 LG\ 23
E[\|Vf(f;t)||2]go(’;l+< z{") +<1T\/EC> +<1’fl) . (56)

Proof. We have already shown that the choice of stepsize « and period 7 satisfy the conditions of
Theorem 2. Now we need to bound 51%,7 and 2. This is done analogously to SGD with random

reshuffling. We have that 5,5’7 < n¢?, and 7? = 0 since we do not have delays during assigning.
Thus the convergence guarantees for this method are

F
E[IVSGIE] € O(Z3+In0t+ 3nc? + 1262 )

since 7c = n in this case. We observe that both third term depends on +? while the convergence
of random asynchronous SGD the term with ¢? depends on 7 only.
Similarly to the previous two cases, we can tune the stepsize. We skip this part as it is almost
exactly the same.
O

Remark 1. Let us set 7c = n in random asynchronous SGD [24] in order to compare it with shuf-
1/2
fled asynchronous SGD proposed in this work. The difference in the rates comes from (%@) /
LFy/n¢\ /3
for random asynchronous SGD and (T) for shuffled asynchronous SGD. Both terms be-

come dominate in highly heterogeneous regime, i.e. when (? is large. If we want to achieve
2
E[|IVf(2)]?] < e, then random asynchronous SGD requires O (L}; 1< ) iterations while it is

O (LF;Q,}/QM) for the shuffled asynchronous SGD. This means that shuffled asynchronous SGD needs

less iterations if ¢ > \/ﬁal/ 2 i.e. if we consider strongly heterogeneous regime which is typically
the case in Federated Learning.

D.3.4 Pure Asynchronous SGD

We consider exactly the same algorithm that was covered in Proposition C.1 but with an additional
assumption of bounded gradients. In this case oy = t, i.e. 7?> = 0. Similarly, we bound 51%,7 < 722
Applying Theorem 2 we derive the following convergence guarantees.

Proposition D.4. Let Assumption 1, 2, 3, and 4 hold. Let the stepsize 7 satisfy conditions
30Lyrc <1land 6Ly <1.Let 7= . Then the iterates of Algorithm 2 satisfy

1
5oL |
B[IVAG@I] <0 (S5 + 1re? + ). (57)
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where #; is chosen uniformly at random from {z1,...,z7}. Moreover, if we tune the stepsize, then
the convergence rate is

(58)

E [va(it)nz} <0 <LT;F1 " (LchF1>2/3 +C2> |

Proof. Since 7z = 0, then we have to satisfy two stepsize conditions that are indicated in the
proposition statement. In fact, we only need to satisfy 30Lyrc < 1 as then 6L~y < 1 will be

automatically satisfied. Since we have Gzﬁ < 72¢? and »? = 0, then applying Theorem 2 we get

F

E[IVAGIE] < O(3+ 262 + I22r¢?) (59)
Fy

< 0O (vT + L?4*73G? + ¢2> . (60)

Now we switch to the tunning of the stepsize. We have two cases.

. ifyz@(ﬁ),then

F F 2/3
~ 1 1
sivser] < o fip st (sl) 4]
30L1¢ C
LtcFy  (LtcGRN\*?
< .
< o( c +( - ) e

1/3
e ify=0 ((LQTQGQT) ), then

A R (12r2cer\ B\
E(Ivi@)] < 0(5(%) O o

2/3
< 0 <<LTCGF1> + CQ> .
T
It is left to take the minimum over two cases. We highlight that the rate does not depend on the
maximum delay, it only depends on 7¢ which is proportional to Tayg [24]. O

D.3.5 Pure Asynchronous SGD with waiting

We consider the same algorithm from Proposition C.3, but with additional gradient bound assump-
tion 4. If we apply Theorem 2 we get the following statement.

Proposition D.5. Let Assumption 1, 2, 3, and 4 hold. Let the stepsize v satisfy conditions
30Lyre < 1land 6Ly <1. Let 7= Lﬁj Then the iterates of Algorithm 3 satisfy

F

~ 2 1 2,222 2

E[IVA@I] <0 (g + 167 +¢) (61)
where #; is chosen uniformly at random from {x1,...,zp, Tp41,..., %%, ..., z1p}. Moreover, if we

tune the stepsize, then the convergence rate is

LoF (LTCGF1>2/3 N C2> '

Tb Tb (62)

EMVﬂ@mﬂ30<
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Proof. First, we start with the stepsize conditions. Note that when we rewrite the iterations of
pure asynchronous SGD with waiting so that they suit (2), then we increase 7, by b at most, but
To remains unchanged. This gives us even better improvement w.r.t. b. Indeed, we still need to
satisfy 30Ly7o < 1 and 6L~y < 1. If the first one holds, then the second one as well. Now we apply
Theorem 2. Note that T iterations of pure asynchronous SGD with waiting are T'b iterations of
Algorithm 1. Then we have

IN

F
O (7;1) + LQVQTgGQ + L27272C2>

}1 2.2 22 2)
< — + L .

E [V £(@0)]?]

1/3
If we choose the stepsize v = © <min {Lic’ (LQTzFész> }) , then we get the second statement
C

of the proposition.
O
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