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Abstract

Recent advances in distributed optimization have shown that Newton-type methods with
proper communication compression mechanisms can guarantee fast local rates and low communi-
cation cost compared to first order methods. We discover that the communication cost of these
methods can be further reduced, sometimes dramatically so, with a surprisingly simple trick:
Basis Learn (BL). The idea is to transform the usual representation of the local Hessians via a
change of basis in the space of matrices and apply compression tools to the new representation.
To demonstrate the potential of using custom bases, we design a new Newton-type method (BL1),
which reduces communication cost via both BL technique and bidirectional compression mecha-
nism. Furthermore, we present two alternative extensions (BL2 and BL3) to partial participation
to accommodate federated learning applications. We prove local linear and superlinear rates
independent of the condition number. Finally, we support our claims with numerical experiments
by comparing several first and second order methods.
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1 Introduction

We consider federated optimization problems of the form

min f(z) := %Zfl(a:), (1)
i=1

zcRd

where each function f; : R — R represents the local loss associated with the data owned by device
or client ¢ € [n] := {1,2,...,n} only. This formulation aims to train a single machine learning model
x € R? composed of d parameters by minimizing empirical loss f(x) using all n clients’ data. We
assume f is p-strongly convex and problem has the unique optimal solution z* throughout the
paper.

Due to the increasing size of the model and the amount of the training data, in practical
deployments, methods of choice for solving the problem have been distributed first-order gradient
methods so far |Liu and Zhang;, 2020, Xu et al., 2020]. Among other things, two key considerations in
the design of efficient distributed optimization method are iteration complezity, which measures how
many iterations the method should take to achieve some prescribed accuracy, and communication
cost per iteration, which measures the number of bits that clients communicate to each other or
some parameter server |[Bekkerman et al., [2011]. Expectedly, these two quantities are in a trade-off:
reducing the size of communicated messages per iteration, potentially increases the total number of
iterations. This trade-off then interacts with the problem structure (training data and model) and
network properties (bandwidth and latency) to find the best configuration for final deployment.

However, despite their wide applicability, all first-order methods inevitably suffer from a de-
pendence of suitably defined condition number. To overcome the curse of the condition number,
Newton-type or second-order optimization methods have been gaining considerable attention recently
since (at least local) convergence properties of these algorithms are not affected by the condition
number of the problem [Dennis and Moré| |1974, Dembo et al., (1982, |Griewank, 1981 Nesterov and
Polyak, 2006]. On the other hand, the caveat of this approach is that, although it greatly improves
iteration complexity, the cost of naively communicating second-order information, such as Hessian
matrices, is extremely high and infeasible in practice |[Bekkerman et al. [2011]. In this work, we
argue that with proper care of second-order information and for ill-conditioned problems, distributed
second-order algorithms can offer essentially better trade-offs than first-order algorithms.

1.1 Distributed second order methods.

The straightforward implementation of classical Newton’s method in the distributed environment
includes communication of local Hessian matrices V2 f;(2*) with d? entries in all iterations k& > 0.
Consider this naive implementation of Newton’s method as the baseline algorithm for distributed
second-order optimization, just like the distributed gradient descent algorithm for first-order methods.
Below we discuss the main algorithmic designs to reduce the quadratic dependence d? of the dimension
in per-iteration communication cost and make second-order methods communication efficient for
distributed optimization.

One stream of works avoids sending full Hessian matrices and uses second-order information
locally to compute Hessian-vector products V2 fz(mk”)vfC € R? for some (adaptively defined) vectors
vf e RY. With this approach, second order information is imparted only through such products,
which cost d floats of communication instead of d2. The computation side of this approach is also



efficient since the Hessian matrices are not computed directly but Hessian-vector products only, which
are as cheap to compute as gradients V f;(x*) |[Pearlmutter, 1993|. Methods following this approach
are DiSCO |Zhang and Xiao|, [2015] (see also |Zhuang et al. 2015/ [Lin et al 2014] Roosta et al.|
2019|), GIANT |[Wang et al 2018] (see also [Shamir et al., 2014} |Reddi et al., [2016]) and DINGO
[Crane and Roostal, 2019] (see also |Ghosh et al., 2020]). Inspired by the local first order methods
|Gorbunov et all 2021} [Stichl 2020, Khaled et al.l 2020, Konetny et al.l 2016|, local variant of
Newton’s method was studied in [Gupta et al., 2021]. Typically these methods either guarantee fast
rates under stronger assumptions, such as quadratic problems or/and homogeneous data distribution
or guarantee only linear rates attainable by first-order methods.

Alternatively, the high cost of Hessian communication can be reduced by compressing second-order
information via lossy compression operators acting on matrices (such as low-rank approximations,
randomly or greedily sparsifying entries). Again, this idea was originated from the first-order methods
employing communication compression [Wangni et al., 2018| |Alistarh et al., 2018, 2017, [Wen et al.,
2017). Recently developed second-order methods DAN-LA |Zhang et al., [2020], Quantized Newton
[Alimisis et al) 2021], NewtonLearn [Islamov et al., |2021] and FedNL [Safaryan et al., 2021| are
based on this idea of properly incorporating compression strategies for second-order information. In
contrast to the previous approach, this strategy relies on the computation of full Hessian matrices,
which might be computationally intensive for some applications. However, the optimization problem
these methods address is quite generic (general finite sum structure (1)) over arbitrarily heterogeneous
data), and theoretical guarantees (global linear with local superlinear convergence rates) are far
beyond the reach of all first-order methods.

Motivated by these recent developments on distributed second-order methods with communication
compression, we extend the results of FedNL [Safaryan et al 2021] allowing even more aggressive
compression for some applications.

2 Motivation and Contributions

To motivate our approach properly and illustrate the potential of our technique, we discuss three
different implementations of classical Newton’s method for solving the problem ().

2.1 Naive implementation

For general finite sums , Newton’s method requires each device i € [n] to compute gradient vector
V f;(x) and Hessian matrix V2f;(z) at the current point and send them to the parameter server
to do the model update. While the convergence of Newton’s method is locally quadratic, O(d?)
communication costs are high due to quadratic dependence from the dimension d. However, we
can devise more efficient implementations, given some prior knowledge of the problem or/and data
structure.

2.2 Utilizing the problem structure

Suppose the problem models the training of Generalized Linear Model (GLM), such as ridge
regression or logistic regression. Then each local loss function has the form

fila) = 3" fyle), ©)
j=1
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where f;;(z) := cpzj(a ) is the loss associated with j** data-vector a;; € R? stored on i device
and @;;: R =+ R is the corresponding loss function.ﬂ A better implementation of Newton’s method
taking advantage of the Hessian structure

V2fi(x) —Zcp (aj;x)aijaj; (3)

is described in [Islamov et al., 2021} Section 2.2]. In this implementation, the server is assumed to
have access to all training dataset {a”}” Then to communicate Hessian matrix of the form ,
it is enough to send m coefficients {¢}; ( x): j € [m]} instead of d? entries. Hence, in cases when
m < d?, we can run Newton’s method much efficiently with O(m + d) communication cost.

However, there are two limitations here. First, this approach fails to benefit when local datasets
are too big (i.e., m > d?), which is often the case in practice. Second, all devices reveal their local
training data to the server, making the approach inapplicable to federated learning applications,
where data privacy is crucial.

2.3 Utilizing the data structure

We now describe a strategy that additionally takes advantage of the data structure and dramatically
reduces communication costs regardless of the data size and without revealing any local data.

The imposed structural assumption on the data is that local data points {a;;: j € [m]} of i**
client belong to some linear subspace G; C R? of dimension r € | E| Note that this condition is
trivially satisfied for r = d for any data. However, in practice, training data points have much
smaller intrinsic dimensionality r < d. Notice that once we fix some basis {vi};_; of G;, we can
represent data points a;; as linear combinations

.
aij = Zaijtvita Jj € [m]. (4)

t=1

Instead of directly revealing actual data points a;;, each device sends the basis {vi};_; to the
server only once (before the training) with the cost of sending rd floats. Based on the representations
from the problem structure and from the data structure, the Hessian of f;(x) can be
transformed into

m T m
2 @.@ 1 T T 1 T
V2 file) T =Y elilalia) Y iy = Z - Z@ T)aijiaiji | vievy,  (5)

mi4 ti=1 ti=1
J= T Viu

~~

Yitr ()

where outer products Vy; = vitvg are linearly independent matrices (see Lemma in the
Appendix) and v (z) are coefficients in the brackets. The key observation from is that to
communicate V2 f;(x) we need to send only r? coefficients {v;y(z): t,1 € [r]} instead of d? entries

'For simplicity we assume that each device has the same number of local data points denoted by m. Generally, it
could be different for different clients.
2To make notations simpler, 7 is the same for all clients.



Table 1: Key features of different implementation of classical Newton’s method in distributed systems.
Here m is the number of local training data, r is the intrinsic dimensionality of local data vectors.

Iﬁ%ﬁgﬁ?ﬁ 61;)11;1 o(()if Standard/Naive | [Islamov et al.L2021| Ours
Probl General General Generalized
roblem Finite Sum Finite Sum Linear Model
. . Intrinsically
Data Arbitrary Arbitrary Low-Dimensional
Gradient communication d in(m, d)
cost per iteration (floats) minim, "
Hessian communication 2 . 9 9
cost per iteration (floats) d min(m, d°) "
Initial communication B d d
cost (floats) m "
Reveals local training data ? No Yes No

as the server already knows matrices V;y through the basis {vi:};_;. The takeaway from this
observations is that the standard basis of R¥*¢ is not always optimal. Indeed, in this case, any basis
of Rdxd containing 72 matrices {Vm}?l:l is better choice for encoding Hessians V2 fi(x) without any
loss in precision. Thus, O(d?) communication cost is reduced to O(r? + d). In case of r = O(V/d),
we get Newton’s method with O(d) communication cost and local quadratic convergence.

Analogous to , similar representation can be derived for gradients too, namely V f;(x) € G;.
Hence, we can send V f;(x) by its r basis coefficients instead of d coordinates. This way we further
reduce communication cost up to O(r?) (see Table [1| for the summary). In the extreme case of
r = O(1), we run Newton’s method with O(1) cost per iteration!

Note that is a special case of more general Hessian representation V2f;(x) = Q;A;(2)Q)/,
where Q; is a fixed invertible matrix (known to the server) and A;(z) is a sparse matrix with much
less than d? (e.g., r? for (5)) non-zero entries. Changing the standard basis of R?*4 via the transition
matrix Q;, we transform potentially dense Hessian V2 f;(x) (in the standard basis) into sparse A;(x)
in the new basis.

Thus, we save in communication for free just by changing the basis in the beginning of
the training. Motivated by this idea, we propose a new approach: Basis Learn.

2.4 Contributions

Our goal is to further investigate the benefits and possible pitfalls of using custom bases in second-
order optimization for general finite sums with arbitrarily heterogeneous data. As, by choosing a
suitable basis, we can transform the Hessian into a sparser matrix in a lossless way, we propose and
design three new methods, which apply lossy compression strategies afterwards to get even better
performance in terms of communication complexity.

(1) Basis learn with bidirectional compression. Our first contribution is the new method BLI,
which successfully integrates bidirectional compression with any predefined basis for Hessians. In
BL1, both client-to-server and server-to-client communications are compressed via careful application



of compression operators. We allow both unbiased compressors, such as random sparsification
(Rand-K) or random dithering, and contractive compressors, such as greedy sparsification (Top-K)
or low-rank approximations (Rank-R). In the special case of choosing the standard basis, our method
recovers FedNL [Safaryan et al., 2021]|. Thus, basis learn can be viewed as a generalization of FedNL.

(2) Extensions to partial device participation. For massively distributed trainings, such as in
federated learning, with too many clients, we propose two extensions, BL2 and BL3, to accommodate
partial participation of devices. Thus, we unify bidirectional compression and partial participation
under basis learn. Furthermore, within these two extensions we propose two options to guarantee
the positive definiteness of accumulated Hessian estimator at the server avoiding matrix projection
steps of BL1: first option (implemented in BL2) is based on compression error trick of [Safaryan
et al., 2021], while the other option (realized in BL3) is to choose bases with positive semidefinite
matrices in the symmetric matrix space.

(3) Fast local rates. For all our methods we prove local linear and superlinear rates independent
of the condition number and the size of local dataset.

(4) Experiments. By composing low-rank approximation and unbiased compression operators,
we propose more efficient compressors for matrices leading to better performance in the experiments.

3 Matrix Compression

Here we adopt two classes of vector compressor operators to matrices. A (possibly) randomized map
C : R¥*d _ R4%d ig called a contraction compressor if there exists a constant 0 < § < 1 such that

E[|A-CcA)F] <1 -0)Alf VA eR™ (6)

Further, we say that a randomized map C : R¥¢ — R%*? ig an unbiased compressor if there exists a
constant w > 0 (“variance parameter”) such that

ECA)=A and E[JC(A)2] < @+DIA[R VA eR> (7)

The contraction compressor and unbiased compressor on R? can be defined in the same way
where the Frobenius norm || - || is replaced by the standard Euclidean norm || - ||. For more examples
of contraction and unbiased compressors, we refer the reader to [Safaryan et al.| [2021], Beznosikov
et al} 2020]. On the other hand, the compressor on R4 can be regarded as a compressor on RY.
Hence, compressors on the vector space R% can be applied to the matrix in R®*?. One can combine
two compressors from different classes to get new ones |Qian et al. 2021]. In particular, we consider
composition of Rank-R [Safaryan et al., [2021] and unbiased compressors below.

Suppose Qil and Qé, i € [d] are unbiased compressors on R? with variance parameter w; and
wy, respectively. For any A € R¥9 let A = Z;‘i:1 Uiuivi—r be the singular value decomposition of A
with singular values 01 > 09 > -+ > 04 > 0. For R < d, define

Ci(A) = i 0; Qi (aiu;) Qb (bivi) '

P aib,;(wl + 1)(WQ + 1) ’



where a;,b; > 0 are som constants chosen independently of Qﬁ and Qé for 1 < i < R. For example,
we can set a; = b; = 1 for all i, or a; = b; = \/o; for all i. Notice that if A is symmetric, C1(A) is
not necessarily symmetric. However, we can symmetrize the output matrix by defining

Ci(A) if A is not symmetric

Ca(A) = {c<A>+c<A>T
2

if A is symmetric
The following lemma says that this symmetrization process preserves contractiveness.
Lemma 3.1. (i) For any A,B € R™?, if A is symmetric, then |[(B+BT)/a — Al|, < |B — Allp.

(i4) For any contraction compressor C : RIxd 5 REXD with contraction parameter 6, the mapping
C: R™d — R4 defined by

- C(A) if A is not symmetric
C(A) = { C(A)+C(A)T
2

if A is symmetric
is also a contraction compressor with contraction parameter §.

Proposition 3.2. C; and Cy are both contraction compressors with parameter m.

4 Basis Learning in R%*¢

Let {Bgl | 4,1 € [d]} be a basis in R¥¢ and N := d? be the number of matrices in the basis for any

Rdxd

i € [n]. Then for any matrix A in , it can be uniquely represented as A = 3, ;l(A)B‘gl,

where h;l(A) € R is the coefficient corresponding to Bgl.
Define h'(A) € R4 such that hi(A); := h;l(A) for 4,1 € [d]. For any matrix A € R4 let
vec : R4 5 R® be defined as

UBC(A) = (AH, veey Ad17 cony Ah‘, veay Adia veuy A1d7 veey Add)T.

Define M; := (BM,..,B#®,...BY, .. ,BY .. Bl . B#). Then we have A = M,vec(hi(A)),
which is equivalent to

vec(A) = B; - vec(h'(A)), (8)

Rdxd

for any matrix A € , where

B; := (vec(BM), ..., vec(BH), ...,vec(B}j), ...,vec(ij), .., vec(BIY), ..., vec(Bd)) e RV*N,
Since the representation is unique, we know B; is invertible, and thus
vec(h'(A)) = B; lvec(A). 9)

Example 4.1. The (4,1)" entry of Bgl is 1 and the others are 0 for j,1 € [d]. Then A = hi(A) for
any A € R™x4,

Example 4.2. The (j,1)"" and (1,7)" entries of Bgl are 1 and the others are 0 ford > j > 1> 1.
The (5,1)"" entry of Bgl is 1, the (1,5)" entry of Bgl is —1, and the others are 0 for 1 < j <l <d.
Then for any symmetric matriv A € R hi(A) is the lower triangular part of A.



Algorithm 1 BL1 (Basis Learn with Bidirectional Compression)
1: Parameters: Hessian learning rate a > 0; model learning rate nn > 0; gradient compression
probability p € (0, 1]; compression operators {CF,...,C¥} and QF
2: Initialization: 2° = v’ =20 € R% LY € R4 HY? = Zjl(L?)legl, and HO := 1 5™ 'HY;
Q=1

3: for each device i = 1,...,n in parallel do

4. if =1

5: whtl = 2k compute local gradient V f;(2*) and send to the server

6 if &F =0

7 whtl = wk

8:  Compute local Hessian V2 f;(2*) and send S¥ := CF(h!(V2f;(2¥)) — L¥) to the server
9:  Update local Hessian shifts L™ = L¥F + oSk H*! = HF 4 o Zjl(Sf)legl

10: end for
11: on server

12 if F=1

13: whtl = 2k gk = V f(2F)

14 if k=0

15: whtl = wk, gk = [Hk’]# (2F — wh) + V f(wF)
16:  aktl =k — [Hk]_l g"

I
o HY=H 255, 5 (SaBY
18:  Send v* := QF (2! — 2¥) to all devices i € [n]
19:  Update the model zF+1 = 2K 4+ po*
20:  Send &*! ~ Bernoulli(p) to all devices i € [n]

21: for each device i = 1,...,n in parallel do
22:  Update the model 2F*1 = 2F 4 ok
23: end for

We have Algorithm |1 (BL1) as an extension of FedNL-BC in [Safaryan et al., [2021]. BL1 mainly
has two differences from FedNL-BC: (i) We use L¥ to learn the coefficient matrix hé(V?f;(2*)) rather
than the Hessian; (ii) When &" = 0, we use [H"] i rather than H¥ to construct the gradient estimator

g*, where []M represents the projection on the set {A € R4 A = AT A > ul}.

Assumption 4.3. (i) QF (QF) is an unbiased compressor with parameter wy and 0 < 1 < 1/(wy+1).
(i) For all j € [d], (2¥); in Algorithm 1| ((zF); in Algorithm @ or Algorithm @) is a convex
combination of {(z);}5_o for k > 0.

Assumption 4.4. (i) Q% (QF) is a contraction compressor with parameter y and n = 1. (ii) QF
(QF) is deterministic, i.c., E[QF(x)] = QF(x) for any » € RY,

Assumption 4.5. (i) CF is an unbiased compressor with parameter w and 0 < a < 1/(w+1).

(i) For alli € [n] and j,1 € [d], (L¥);; is «a conver combination of {RA(V2£i(2D)) i} in Algom'thm
(RU(V2Fi(20) ji}Ey in Algorithm |4 or {hH(V2f;(2D) i }ry in Algorithm @) for k> 0.
Assumption 4.6. (i) CF is a contraction compressor with parameter § and o = 1. (i) CF is
deterministic, i.c., E[CF(A)] = CF(A) for any A € R4,



Assumption 4.7. We have |[V2fi(x) = V2 fi(y)|| < Hl|lz —y|. [|V*fi(z) = V2fi(y)llr < Hillz —y],
1R (V2 fi(2)) — K (V2 fi(y))lle < Mille — yll, max;{|h* (V2 fi(2)) — h{(V2fi(y)ul} < Mallz -y,
maxﬂ{HBleF} < R for any x,y € R? and i € [n]. For Algorithm |2, we assume each f; is p-strongly
convez.

We estimate M; and My in Assumption 1.7 in the following lemma.

Lemma 4.8. Assume ||V fi(x) = V2fi(y)llr < Hillz =yl and max;{[(V*fi(x)) — (V2 fi(y))ul} <
vz — y|| for any z,y € R, and i € [n]. Then we have My < max;{|B; ||} H1 and My <
vmax;{[|B; |l }-

To present our theory in a unified manner, we define

L 1 if the bases le : are all orthogonal
NB = i Jj,l€ld] (10)
d? otherwise

(n,m) if Asm.4.3(i) holds
(AMvBM) = { (5%,%—% if Asm.[4.4(i) holds (11)

AB (a,c) if Asm.4.5(i) holds 19
( ’ )_ {(j,g—g) if Asm. |4 . i) holds ( )

and M5 o= LS LE- L3, @F = |28 — o |24+ DG ok — 2¥|2, where L} 1= Bi(V2fi(*)),
for k > 0.

Theorem 4.9 (Linear convergence of BL1). Let Assumption hold. Let Assumption[{.3 (i) or
Assumption (i) hold. Assume ||2F — x*||> < ANE® opnd HE < AM7“2M for k> 0. Then we

h > 102By 16N R2B
ave
min{ Ay, p k
E[®f] < (1 — {2}> oY,
for k> 0.

4BM} *
Define ®% := H* + T{lﬂmk —z*||? for k > 0.

Theorem 4.10 (Superlinear convergence of BL1). Let n =1, ¥ =1 and QF(x) = x for any x € R?
and k > 0. Let Assumption hold. Let Assumption[4.5 (i) or Assumption[.q (i) hold. Assume

2
| 2% — z*||? < ﬁgg and HF < 161(2% for k> 0. Then we have

E[@}] < pye),

and

k+1 %2 2 2
o — 22 8BMPu2 ~ p2 ) ¥

for k>0, where 6y := (1 _ M)

Next, we explore under what conditions we can guarantee the boundness of ||2* — z*| and H*.

Theorem 4.11. Let Assumption[{.7 hold. Then we have the following results.

10



2

(i) Let Assumption and Assumption|4.8 (ii) hold. If |x°—z*||* < & := min {4d’2‘j{2, 16d4]\;;R2M22

then ||2F — z*||? < dé and HF < 16dN Teav-gz for k> 0.

. . . N . 2 2
(ii) Let Assumptzon and Assumptzon hold. If ||2°—2*||? < & := min {Qggw IGNB‘L};;%’:ABM%

0« __Aup® k_ 2 < & k< __Aup®
and H" < ToNL 2B then ||z — x*||* < &g and H" < T6Ng 2 By for k> 0.

We can also unify the bidirectional compression and partial participation to have BL2 (Algo-
rithm , where [-]; represents an operator on R?*? such that [A], = (A+AT)/2 for any A € R¥*4,
Since each node has a local model wf , we introduce zf to apply the bidirectional compression, and
LF is expected to learn h'(V2f;(z¥)) iteratively. Like in FedNL-PP [Safaryan et al., 2021, the key
relation

= (Hf]s + FDwf — Vfi(w}) (13)

need to be maintained in the design of BL2. The reason to keep relation is that the update
of ¥ follows the structure of Stochastic Newton [Kovalev et al., 2019], where gf is supposed to
be V2fi(wF) — V fi(wF), and naturally V2 fi(wF) is replaced by the Hessian estimator [H¥]s + IFI.
Here we use [¥ = ||[Hf] — V2, (20| to guarantee the positive definiteness of [HF]; + lkI hke in
[Safaryan et al., |2021]. From , 1t is easy to see that on server, for the §f = 0 case, gZ 9@
(HF™s — [HE]s + lfHI - lfI)wi since wk’dr1 = wF. We give the convergence results of BL2 in the
following two theorems.
Let &% = Wh 4 22 (1 - TAM) 2k where ZF 1= 13" |2k — 2%|2, for k > 0.

Theorem 4.12 (Linear convergence of BL2). Let Assumptwn“ .1 hold. Let Assumptzonm (1) or

Assumptz'on (i) hold. Assume |zF — z*|? < sz;% and H* < gmé% for all i € [n]
and k > 0. en we have i
E@k] < (1 Tt A g
3= 2n ’
for k> 0.

4BM1 |2+

Define ®% := H* + —z*||? for k > 0.

Theorem 4.13 (Superlinear convergence of BL2). Let n =1, ¢&¥ =1, S* = [n], and QF(z) = x for
any x € R and k > 0. Let Assumptionm 4.7 hold. Let Assumption (1) or Assumption (1) hold.

E_ 2 Anip? Amp? ;
Assume ||zf — x*||* < G247 By and H* < oo 7By Jor all i € [n] and k = 0. Then we have

E[®}] < 052,

and

. |2kt — 2| < gk Am(3H? +12H?)  12NpR? 0
|2k — 2|2 2 16 BMEp? w2 v

for k>0, where 5 :=1 — %AVAM}'

Now, we explore under what conditions we can guarantee the boundedness of ||2¥ — z*|| and H*.

Theorem 4.14. Let Assumption[{.7] hold. Then we have the following results.

11
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Algorithm 2 BL2 (Basis Learn with Bidirectional Compression and Partial Participation)

1: Parameters: a > 0; n > 0; matrix compression operators {Ck Cpe(0,1;0< 7 <n
2: Initialization: w) = 2{ = 2% € R LY € R4 HY) = )7, (LO)ﬂB{l, 19 = H[HO] v2fz( O)HF;
90 = ([H]s + {Dw) — V fi(w]); Moreover: H? = 1 Zz:l H); 10 =3 w1y 9% = o 521 97

3: on server

4 M= ([HY, + l’“I)_1 g, choose a subset S* C [n] such that P[i € S¥] = 7/n for all i € [n]
5 oF = QF(aF ! — 2F), 2P = 2k ook for i € SF

6: 2T =2k WM = Wk for i ¢ S*

7. Send vf to the selected devices i € S¥

8: for each device i = 1,...,n in parallel do

9: for participating devices i € S¥ do

10: zf“ = z + nvk Sk = Ck(hZ(VQf( k“)) — Lf)
1 LA = Lk +aSk, Hf“ =H! +a Y, (8h);B)
1 = [EEY, - VAR

13: Sample ffﬂ ~ Bernoulli(p)

14:  if &F =

15: whtl = gf“ (HA + D)Wl — Vf; (wh ), send gf ! — gF to server
16: if &F =

1w = b g = (H T D - V()

18: Send Sk lkJrl l and 5{‘7 to server
19: for non-part1c1pating devices i ¢ S¥ do

k1 _ k., k+l BOLA =Tk HR = HE R = gk k+1 k
20z =zt w =wi, LT =LY, HYT =H, 7T =1} =g;
21: end for
22: on server
23 if =1

k:+1 k+1 : k1 &
24: =z; ", receive g, — g;
25: if 5’“ =0
) k—i—l ko k+1 k _ k jl k+1 k+1 kv, k+1
2: =k, g — g = a5 (8E,BY | w4 0 - i)
k—‘rl k
o7 g =g"+ 13w ( gi>

il
28 HMI=HF{23 o Zjl(si?)leg
20 ML=tk 415 o (lf*l — lf)

(i) Let Assumption and Assumption[4.5 (i) hold. If

2 2

0 e p 1
la7 = 2*||" < &3 : mm{dz(ﬁﬂumﬂf)’96d4NBR2M§}’

then ||zF — x*||> < dész and H* < m fori € [n] and k > 0.
(ii) Let Assumption and Assumption hold. If ||z — x*||? < &4, where

~ . AMM2 AAM/LQ
C4 = ININ
* Bu(6H? + 24H2)" 96 Ng R2 By BM?

12



Apgpi? , . Apgpi?
and HL?—L;‘H% < m for alli € [n], then Hzf—m*HQ < ¢4 and HLf—L;‘H% < m

for alli € [n] and k > 0.

5 Basis Learning in S¢

Let {Bgl | 4,1 € [d],j > 1} be a basis in the symmetric subspace S¢ of R9*¢ that consists of all

the symmetric matrices for ¢ € [n]. In this case, the number of symmetric matrices in the basis is

N = @. Then for any symmetric matrix A in R?9 it can be uniquely represented as

A=) hiy(A)B,
J=l
where E;l(A) € R is the coefficient corresponding to Bgl. Let Bij = Bgl for 7 > [ and define iLZ(A)
as a symmetric matrix in R*? such that ﬁi(A)jl .= 1hi for j > 1 and fzi(A)ﬂ = ﬁ;l for j =1. Let

g 2'%51
svec : 84— RN be defined as
svec(A) := (A11,2A01.., 2841, ooy Ajj, ooy 2A45, ., Aga)

and M; == (B, .., B&, . BY . BY .. B%). Then we have A = M;svec(hi(A)), which is
equivalent to

svec(A) = B; - svec(h'(A)), (14)
for any symmetric matrix A, where

B; := (svec(B), ..., svec(B3Y), ...,svec(B{j), ...,svec(ij), .., svec(Bd)) e RV*N

Since the representation |i is unique, we know B; is invertible, and thus

svec(hi(A)) = (B;) Lsvec(A). (15)

Example 5.1. We choose Bgl € 89 such that for j # 1, (Bgl)jl = (Bgl)lj = (Bgl)jj = (Bgl)ll =1
and the other entries are 0; for j =1, (BY?);; =1 and the other entries are 0. It is easy to verify it
is a basis in S, and we also have Bgl = 0.

We choose a basis {Bg "} in 8 such that Bgl = 0 for BL3 (Algorithm . The way to guarantee
the positive definiteness of the Hessian estimator is similar to the approach of Islamov et al.|[2021].
From the definition of 4%, we know (L¥);; +2vF > ¢ > 0. Noticing that V2f;(z¥) can be expressed
in the form

5 (ﬁ%wﬁ(zéﬂ))ﬂ + 29

C(LFY 4248y — 24k | BIE
(Lf)]l+2')/zk (( Z)]l+ ’YZ) fY’L )

gl

for Bf in Option 2, we have the inequality

- (2 021 ~
> (B (b + 208 — 208) BY = 2Aiah) = 3 (4 - SR ) - (W + 2B = 0
J Jt

13



Algorithm 3 BL3

Parameters: learning rate a > 0, positive constant ¢ > 0, minibatch size 7 € {1,2,...,n}
Initialization: Bﬂ = 0; 1lu = 20 = 29 for lZ € [n); L) € RdXd, % = male{c,|(L?)jl\};
1 1
A = Z (L)1 + 271)]3] C) = Z]l 29/B]; AY = el A = 5 2ic CY; B =
R V2 S 427

manl ( ([{.?gjl-i—);z)’l? ,Y 5 50 ma‘xl{ﬁ } gz 1= A0w27 912 = COwO =+ Vfl( ) g(i) = %Z?zl 9217
95 = 3 2isy 90 HY = B7A" — = 31 -
on server .

.%'k+1 = (Hk)_ gk Main step: Update the global model

Choose a subset S* C {1,...,n} such that P[i € S¥] = 7/n for all i € [n]
of = QF(aF 1 — 2F),  2Fh =k ek for i € SF
=2k Wt =k for i ¢ S

Send vF to the selected devices i € S* Communicate to selected clients
for each node i =1,...,n do

for participating devices i € S* do

= b L =T ok (VA <), ot = masafe (L))
R(V2 Fizp )29

(L) 2yt

. hl V2 i (25)) 1 +27, .

Option 1: ﬁf“ = maxj ((Lkﬂﬁ‘;;l)f; kf{ Option 2: 6;‘*1 = maxj
jl

AP = AF 3 (L) — W)+ 294 = 29F) B

CH1l=cCk+ 2ol (275;“ — 2v; ) Bg . Sample £F ~ Bernoulli(p)

if ¢F=1
w{c+1 _ z +1 glk—ll,-l Ak+1 k+17 gf;l Ck+1 kH—l—sz( k+1)
Send gk'H — gz 1 gfgl — gi72 to server
if ¢F=0
wht! = wz , gffl ABFLtL gk 9@ = CEHLE L L v (wh
Send Lf“ , BkH, {1 , %kﬂ % to server

for non—part1c1pat1ng devices i ¢ S ¥ do
N S E pktl _ 1k k1 k+1 _ gk Ak+l _ Ak tk+l k k+l _ K
=Zz;,w; _w L L a’yz _77,76 B A szcz _C 7911 gi,lv

7, 77 [ 1
gfgl = 952
end for
on server
if flk =1
wiﬁ—l k+1 . Receive gk+1 _g”’ gfg-l N 9527
if ff =0

wit! = wl Lo = g = T — L) Bl w2 =y yuf
gf;rl - gi,2 = ij 2(’)’?“ - Q%k)le {CH
g =g+ L e (05— 081)s b = g+ L ieen (95" — gba), BT = maxi {8l
girt = BRI bt AR AR LS 3 (T = () 29 - 24F) B
CHl=CFt 1y, g o (27k+1 2%&) Bg’l’ HFHL — gl AR+l _ ohtl

14



Thus, if we can maintain the Hessian estimator in the form HY := >l (BE((LE)ji 4+ 2+F) — 2+4F) Bgl,
then HF = V2f;(2F) (we can get HY = V2f;(2#~1) for Option 1 similarly). To achieve this goal, we
use two auxiliary matrices A¥ Ck, and maintain A} = Y, ((L});i + 2] MBI, CF = > 2vFBI
and Hf = ﬁkAf — Cf. BL3 follows the same structure of BL2, thus we also need to keep the
relation gF = HFwF — Vfi(wF), which is actually gF = ﬂkAfwf — waf — Vfi(wF). Since for
non-participating devices B* usually changes at each step, we split gZ to two parts by using two
auxiliary vectors gl 1 gF 5, and keeping gZ | = Akuwk, gl o = Chwl — Vfi(wh), and g¥ = Bkgfﬁl — gzlfz.
The rest of BL3 is the same as BL2. We need the followmg assumptlon for BL3.

Assumption 5.2. Assume ||V2f;(z) — V2f;(y)|| < Hl|lz — y|| for any z,y € R? and i € [n].
Assume maxj{|(L )~Jl|} < Ms for alli € [n] and k > 0. Assume ||h*(V2f;(z)) — B(V2f;(y))|lp <
Mallz — yll, mas;{ |V fi())j — B (V2 ()al} < Mol — yll for any 2,y € RY and i € [n), and
maxﬂ{HB] lr} < R fori € [n]. Assume each f; is p-strongly convex.

We estimate Mz, My, and Ms in Assumption in the following lemma.

Lemma 5.3. We have the following bounds on Ms, My, and Ms:

(i) Assume [V fi(x) = V2fi(y)lle < Hillz =yl and max;{[(V>fi(x))j0— (V2 fi(m)ul} < vz -yl
for any z,y € R, and i € [n]. Then we have My < 2max;{|(B;)" |} H, and M5 <

21/maxi{H(B~i)71Hoo}-

(i) Assume male{|(v2fi(§))jl|} < for any x € R? and i € [n]. If Assumption (ii) holds,
then My < 2y max;{[|(Bi) ™o }-

(iii) Assume |[V2f;(z)||r <7 for any x € R? and i € [n]. If Assumptionu holds and ||LY||p <
‘/ﬁH( Bi)7Y|7 for alli € [n], then we have ||L¥|p < ‘/ﬁH( B) 7Y for k>0 and i € [n], and

My < Y283 max {]|(B) 1}

Let ®f = Wh 4 22 (1 - TA%) 2, where ZF = LY |2k — 2|2, for k > 0.

Theorem 5.4 (Linear convergence of BL3). Let Assumption[5.9 hold. Let Assumption[{.5 (i) or
Assumptz'on (i) hold. Assume ||zF — 2|2 < < Al g gk < Awe for alli € [n] and

- 4(H2+461)BM — 16¢c2 By
2 pR2 2 X X 2
k>0, where ¢ := ANTR” M3 (M3+22ma {eMs})® ¢y = 2N R? (1 + 2N(M3+2mf {e,Ms}) ) Then we

C (&
have

E[®5] < (1 _ Tmin{p, Ay AM}Y Y
— 2n )
for k> 0.

4BM? |2+

Define ®f := H* + B rvad C x*||? for k > 0.

Theorem 5.5 (Superlinear convergence of BL3). Letn =1, ¥ =1, S* = [n], and QF(x) = x for
any x € R and k > 0. Let Assumptionﬂ 5.4 hold. Let Assumptionm (1) or Assumption (1) hold.
Assume ||2F — 2%||2 < Mm and HF < 11‘;‘% for alli € [n] and k > 0. Then we have

E[®g] < 6505,
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for k >0, where 03 := (1 — M). Moreover, for Option 1, we have

IA
S

[lh —a*[|>

[l )] k<AM<H293+461> 262>q>g,

3 8BM?2:205 * 2
and for Option 2, we have

k+1 2 2
[l <ot (Bt 20
JoF — ] SBMZZ ' m

for k> 0.

Next, we explore under what conditions we can guarantee the boundedness of ||z¥ — 2*||? and

HE.
Theorem 5.6. Let Assumption[5.3 hold. Then we have the following results.
(i) Let Assumption and Assumption [4.5 (ii) hold. If

R S
- 4d?(H? + 4cy)” 16d4co M?

2

2 2 2
4d(H?44c1)’ 16d3c; M2

} and HF < Tede; for i € [n] and k > 0.

then ||z — ¥ < min{

. , . . Amp? AAyp?
(ii) Let Assumption and Assumption |4.6 hold. If ||2Y — z*||*> < min {4BM(II\{/[;+401)7 1602311:/1/[%1\42 }

Ay 2 . . Anp? AAyp?
and ||LY — L]z < wé\%M for all i € [n], then ||2F — 2*||*> < min {4BM(II\;5L+4C1)7 16C2B$%MZ}

and ||LF — L¥|2 < 1@2{1};’; for alli € [n] and k > 0.

6 Experiments

We conduct numerical experiments to compare the performance of BL methods with various efficient
methods in federated learning. We consider regularized logistic regression problem

zcRd

min {f(w) = ifoxH;Hxn?} (16)
=1

where .
fi(z) == %Zlog (1 + exp (—bija;x» .
j=1

Here {a;j, bij} je|m) are data points stored on i-th device. In our experiments, we used the following
datasets from LibSVM [Chang and Lin, 2011|: ala, a9a, phishing, w2a, w8a, covtype, madelon.
We use two values of the regularization parameter: A € {1072,107%}. In the figures we plot the
relation of the optimality gap f(2*) — f(2*) and the number of communicated bits per node. The
optimal value f(z*) is chosen as the function value at the 20-th iterate of standard Newton’s method.
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6.1 Basis computation for BL

One of the most popular types of data preprocessing in classical machine learning is dimension
reduction. One of such techniques is based on SVD of the feature matrix. We want to point out
that SVD could also be used to find a basis for each client. In our experiments, we use linalg.orth

function from SciPy module [Jones et al) 2001-]. In other words, such data preprocessing could

be used not only for the stability of certain machine learning models but also for improving the

optimization process.

6.2 Comparison with second-order methods

We compare the performance of BL1 with DINGO [Crane and Roostal, [2019], FedNL [Safaryan et al.l

2021|, NL1 [Islamov et al.,2021], NO [Safaryan et al.,2021] in terms of communication complexity. For

FedNL, NL1, and BL1 we use V2 f;(x?) as the initialization of HY. Besides, the stepsize o = 1, Rank-1
compression for matrices, and option 1 (projection) were used for FedNL. For NL1 compression
mechanism is Rand-1 with stepsize @ = 1/(w+1). Backtracking linesearch for DINGO selects the largest
stepsize from {1,271,272 ... 2710} We set the authors’ choice for other parameters of the method:
6 =10"%¢ =109 p = 10"% Compression operator Cf in BL1 is Top-K, where K = r (r is the
dimension of the local data). We set p = 1 and use identity compression for QF with stepsize n = 1
for models (backside compression is not used). According the results in Figure [1| (15! row), BL1 is

the most efficient method in all cases.

floig 4- No

107! 107!
~107° ~107°
8107 B 1070
=7 = o7
’L 1074_‘ —#— FedNL, Rank-R, R=1 ,L 1079 —#— FedNL, Rank-R, R=1
10 4 No 10 4 No
=210-11] = oo 210-11] = oico
= _13] ~®@ NL1, Rand-K,K=1 = —13] ~@ NL1,Rand-K.K=1
10 " —p— BLL, Top-K,K=r 10 1’ —»— BL1, Top-K,K=r
L S A NV E A (S THA 1075 oT oT7 520

communicated bits per node communicated bits per node

(a) covtype, A =103 (b) ala, x=10"4

107! 107!
—~ 107 - ~ 107
& 1070 N\ s 10°

—4 ADIANA, RD, s =d

#— DIANA, RD,

=1011{ - 6o

= 13] @ slocalGD,
10 | > BLL Top-k K= i

STTgE 50 R BT 5T 5%
communicated bits per node

(b) w2a, A=10"4

_13] @ S-Local-GD, p

10 . ~»— BL1, Top-K, K-

J25 29 PIEAEOY YY)
communicated bits per node

(a) madelon, A =103

107! 107!
o107 ~ 107
21070 51070
T 07 T 107
o107 — 10"
8o LR
10711 —*— Rank-R,R=1 21011}~ Rank-r,R=1
= 0—13 4~ RRank-R, R=1 = 0,“ 4~ RRank-R, R=1
10 ] & NRank-r,R=1 10 15| & NRank.R-1
10547 o7 3% 3 1075k 5m b

communicated bits per node communicated bits per node

(a) a9a, A =104 (b) w8a, x=10"3

—%— FedNL, Rank-R, R=1

)
=107} — oinco

_13] ~@ NL1,Rand-K,K=1
10 > BLL Top-K.K=r

10755 o 517 520
communicated bits per node

(c) a9a, =103

:21 29 213 217 22| 223
communicated bits per node

(c) a9a, A=10"3

81011 —* Rank-R.R-1
10713 4- RRank-R,R=1
- NRank-R.R=1 |

10755 517 5% 52
communicated bits per node

(c) ala, x=10"4

=107
= _13] ~® NL1,Rand-K,K=1
10 ] BLL Top-K K=
211 2‘4 217 2'_0
communicated bits per node

(d) phishing, A =10*

—<~ ADIANA, RD, s=Vd

2 107% 5 oiana, RO, 5= Va

21011 4 e

i3] @ socal-GD,
10 - ~»— BL1, Top-K, |

5T 5 90 R T HI 5%
communicated bits per node

(d) ala, A=10"4

107!
~107°
51070
T
o107
CRP
21011 -+ Rank-r =1
= Oiu 4~ RRank-R, R=1
10 1 - NRank-r =1
1075517 pXy 228

communicated bits per node

(d) w2a, =103

Figure 1: Comparison of BL1 with NO, FedNI, NL1, DINGO (first row), DIANA, ADIANA, GD,
S-Local-GD (second row) and the performance of BL2 with compressors Rank-R, RRank-R, and
NRank-R (third row) in terms of communication complexity.
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6.3 Comparison with first-order methods

Next we compare the performance of BL1 with vanilla gradient descent (GD), DIANA [Mishchenko
et al., 2019|, ADIANA |Li et al., 2020], and shifted local gradient descent (S-Local-GD) |Gorbunov
et al., [2021] in terms of communication complexity. Theoretical stepsizes were chosen for first-order
methods. For DIANA and ADIANA we use random dithering compression |Alistarh et al., 2017,
Horvath et al., 2019] with s = v/d levels. Probabilities p and ¢ are equal to 1/n for S-Local-GD.
Parameters of BL1 are the same as in the previous section. We clearly see in Figure |1| (27¢ row) that
BL1 is more communication efficient than all gradient type methods by several orders in magnitude.

6.4 Composition of compressors

In our next experiment we analyse the composition of Rank-R and unbiased compression operators;
see Section [3| for more details. We consider BL2 with 3 compression mechanisms: Rank-R, RRank-R
(composition of Rank-R and random dithering with s = Vid levels), and NRank-R (composition of
Rank-R and natural compression). For all three compressors R = 1, and initializaion is H? = V2 f(20).

Besides, the parameters of BL2 are the following: 7 = n, p = %0. Finally, we use Top-K with
K = Ll%j for QF. In this experiment we use standard basis in the space of matrices which means that

BL2 turns to be FedNL. According to numerical results presented in Figure (3Td row), composition
is indeed useful.

7 Extensions

In this paper, we consider the basis in R4 and S?. Tt is actually possible to extend Basis Learn
to the case where {Bgl} is not necessarily a basis in some space. More precisely, if there exist a

set {B‘g}jesf and a map h' : R? — RIS’ such that for any = € R%, V2f;(z) can be represented by
>_; h'(2);B; and h' is L-Lipschitz continuous, i.e., [h'(z) = h'(y)|| < Lllz — y|| for any =,y € RY,
then we can get the corresponding algorithm and convergence results in the same way.
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Appendix

A Extra experiments

In this section we demonstrate additional numerical experiments comparing BL with relevant
benchmarks and with state-of-the-art methods. We consider regularized logistic regression problem

1 — A 1 —
gﬁg{n;ﬂ(wHQHw\z}, where fi(z) = mj;log (1+exp(—bz'ja?ﬁ)),

and {aij, bij } je[m) are data samples belonging to the i-th node.

A.1 Parameters setting and data sets

The data sets were taken from LibSVM library |[Chang and Lin, 2011|: ala, a9a, phishing, covtype,
madelon, w2a, w8a. Each data set was partitioned across several nodes to cover a variety of scenarios.
See Table [2] for more detailed description.

Table 2: Data sets used in the experiments with the number of worker nodes n used in each case.

data set | # workers n | # data points (= nm) | # features d average
dimension r
ala 16 1600 123 64
a%a 80 32560 123 82
phishing 100 110 68 35
covtype 200 581000 o4 24
madelon 10 2000 500 200
w2a 50 3450 300 59
wda 142 49700 300 133

Theoretical parameters were used for gradient type methods: vanilla gradient descent (GD),
DIANA [Mishchenko et al., [2019], ADIANA [Li et al. |2020|, and local gradient descent (Local-GD).
The parameter constants for DINGO |Crane and Roostal, [2019] were chosen following authors’ choice:
6 =10"% ¢ = 107% p = 10~%. Backtracking line search was used for DINGO to find the largest
stepsize from {1,271, ... 2719} The initialization of H) for NL1 |Islamov et al., 2021] and vanilla
FedNL [Safaryan et al., [2021] is V2f;(2°). Besides, for NL1 we use Rand-K compressor with K = 1
and the stepsize a = w%rl, where w = 2 — 1. For FedNL we use option 1 to make the Hessian
approximation to be positive definite (projection onto the cone of positive definite matrices), stepsize
a = 1, and compression operator Rank-R with R = 1. For BL3, we use option 2.

We carry out experiments for two values of regularization parameter A € {1073,107%,1075}.
In the figures we plot the optimality gap f(2*) — f(2*) versus the number of communicated bits
per node. The optimal value f(z*) is chosen as the function value at the 20-th iterate of standard

Newton’s method.
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A.2 Compression operators

Unbiased compression operator: random dithering. In all experiments with ADIANA and
DIANA the compression operator applied on gradient differences is random dithering |Alistarh et al.
2017, Horvath et al., 2019]. This compressor has the parameter s (number of levels) and can be
defined via the formula

, §s
C(x) = sign(z) - [zl - =, (17)
where |lz]/ := (>, |xi]q)1/ ? and & € RY is a random vector whose i-th entire defind as follows

[E3]

I+1 with probability 1%ils—1,
(gs)z = { a (18)

l otherwise.
|24
l|[lq

variance parameter satsfying w < 2 + dl/ZJsridl/q [Horvath et all 2019]. However, for Euclidean norm
(¢ = 2) one can improve the bound to w < min {i ﬁ} |[Alistarh et al., [2017].

€ [l H‘—l] This compressor has

Here s € N denotes the levels of rounding, and [ satisfies o o

s27 s

Examples of contractive compression operators for matrices. One of the examples of con-
tractive compression operators is low-rank approximation or Rank-R compressor. This compression
operator is based on singular value decomposition of the matrix and belongs to the class of contractive
compressors with § = % [Safaryan et al.| 2021]. Let X € R?*? and singular value decomposition of

X is

d
-
X = Zaiuivi s (19)
i=1
where the singular values o; are sorted in non-increasing order: o1 > o9 > --- > o04. Then, the

Rank-R compressor, for R < d, is defined by

R
C(X) = o, . (20)
=1

Note that if the input of Rank-R compressor is a symmetric matrix, then its output is automatically
symmetric matrix.

Another popular choice of contractive compressors in practice is Top-K. This compressor applied
on matrices sorts the entires of input in non-increasing order by magnitude, and then selects K
maximal elements. Top-K compressor belongs to the class of contractive compressors with § = %.
For arbitrary matrix X € R%*? let sort its entires in non-increasing order by magnitude, i.e., Xiin
is the k-th maximal element of X by magnitude. Let {Bij}gjzl be a standard basis in the space of

matrices. Then, the Top-K compression operator can be defined via

K
C(X) := ZXikjk "By (21)
k=1

One way how to make the output of this compressor to be a symmetric matrix is to apply Top-K on
upper triangular part of the input.
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A.3 Example of unbiased compression operators for matrices

The simplest example of unbiased compressor which could be applied on matrices is random
sparsification operator or Rand-K. This compressor belongs to the class of unbiased compressors
d2

with w = % — 1. For the input matrix X € R¥? we choose a set Sk of indexes (i, ) of cardinality

K uniformly at random. Then Rand-K compressor can be defined via

{‘;?Xz‘j if (i,7) € Sk,

CX =14 if (i, ) ¢ Sk.

ij (22)
The way how to make the output of Rand-K to be a symmetric matrix is exaclty the same as for
Top-K.

A.4 The performance of Newton’s method in different basis

First, we investigate how the performance of Newton’s method is influenced by the choice of the
basis. We compare the efficiency of Newton’s method on two bases: the one that was described
in Section 2.3 and the standard one. The results are presented in Figure [2l We clearly see that
Newton’s method in the specific basis is approximately 4 times more communication-efficient than
in standard one.

10 10! 10! 10'
= 0 107! L
- 3 . 3 = 3 - 3
L 107 L 107 L 107 L 107
T | o ~ o o
| ! | ! | ! | !
21070 21070 21070 21070
=101 f =101 =101 =101
1071w Newton i standr basis 1071w ewton i standard basis § 1071+ ewton i standard basis 1071w ewton i standard basis
1031 4~ ewotn in specifc bass 1071 4~ Newotn in specifc bass 103 4 Newton in specifc basis 10" 4 Newatn i specifc basis
10 ‘é; P MRS AR T A 107 DU LR E R (R 107157 STl QU T ol g% 10 ]él DI LAY A s ]
communicate Its per node communicate Its per node communicate: Its per node communicate: Its per noae
icated bit d icated bit d icated bit d icated bit d
-3 -3 ; ; —4 —4
madelon, A = 10 covtype, A =10 phishing, A =10 w8a, A = 10

Figure 2: The performance of Newton’s method in different basis in terms of communication
complexity.

A.5 Composition of Top-K and unbiased compressor

Next, we study other type of composition of compression operators. We investigate how composition
of Top-K and unbiased compression operator |Qian et al. 2021] influences the performance of BL2.
We compare the performance of BL2 with Top-K (K = r), RTop-K (K = r) (composition of Top-K
and random dithering with s = v/K), and NTop-K (K = r) (composition of Top-K and natural
compression). The initialization of H? is V2f(2°). Besides, we use the basis that was decribed in
Section 2.3. We set the following parameters for BL2: p = 57, 7 = n, and Top-K with K = |§] for
models in the experiments on w2a, ala data sets. In the experiments on a9a, phishing data sets,
these parameters are p = 45, 7 = n, and Top-K, (K = |7]) compressor for models. The results are
presented in Figure [3| According to numerical results, we can conclude that composition of Top-K
and natural compression is the most efficient compressor in all cases. However, RTop-K have almost
the same performance as Top-K on data sets ala, a9a.

24



2101 = Top-k.K =7 S90-1] o Topk, K=~ E10- 1] = Top-. k=7 E10- 1] = Top-x. k=7
=10 13] 4 RTopK.K=r =10 13] 4 RTop-K.K=7 =10 13] 4 RTop-K.K=7 =10 13] - RTop-K.K=7
10 ] @ NTop-K. k=7 10 ] & NTopr.K=r \ 10 ] & NTopx. K=~ 10 "] & NTopK. K=~
107‘5 T Pt P o7 519 107]% T 2T 5T - 520 1071% T on o5 oT7 1071% T o5 o5 217 219
communicated bits per node communicated bits per node communicated bits per node communicated bits per node
-3 -3 - hs —4 —4
a%9a, A =10 w2a, A =10 phishing, A = 10 ala, A=10

Figure 3: The performance of BL2 with different types of compression operators: Top-K, RTop-K
(composition of Top-K and random dithering with s = v/ K), and NTop-K (composition of Top-K
and natrual compression).

A.6 The effect of partial participation

—*— FedNL-PP, Rank-R, R=1,7=% —*— FedNL-PP, Rank-R, R=1,7=1 —#— FedNL-PP, Rank-R, R=1,7=4 —#— FedNL-PP, Rank-R, R=1,7=}
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-®- BL2, Top-K,
~>— BL3, Top-K,

10751
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communicated bits per node communicated bits per node communicated bits per node communicated bits per node

ala, A\ =10"* ala, A\ =10"° a%a, A =104 phishing, A = 107°

Figure 4: The comparison of FedNL-PP, BL2, BL3, and Artemis with partial device participation in
terms of communication complexity.

In this section we study the effect of partial participation. For FedNL-PP [Safaryan et al., |2021|
we use stepsize a = 1 and Rank-R (R = 1) compression operator. The specific basis described in
Section 2.3 were used for BL2. Besides, the parameters of this method are the following: compression
operator Cf is Top-K with K = r, p = 1. The basis for BL3 were chosen from the Example 4.15.
We use Top-K compressor with K = d for Cf, and set p = 1 for this method. Both for BL2 and BL3
stepsizes are a = n = 1, model comressor Qf is identity. Random dithering with s = v/d levels was
used for Artemis [Philippenko and Dieuleveut| 2021]. In different cases we set the number of active
devices T equal to various fractions of n. The results of the experiment are presented in Figure
According to the plots, BL2 and FedNL-PP are the best methods, they outperform each depending on
data set. BL3 also outperform FedNL-PP on ata (A = 107°) data set. In almost all cases FedNL-PP
and BL2 outperform Artemis be many orders in magnitude. We can conclude that specific for the
problem basis could be beneficial.

A.7 Bidirectional compression

In our next test we compare FedNL-BC [Safaryan et all [2021], BL1, BL2, BL3, and DORE
, 2020]. The parameters of FedNL-BC are the following: matrix compression operator is Top-K,
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K = L%J; model compression operator is Top-K, K = LgJ; stepsizes are a = 1 = 1; probability
p = 1. We use option 1 (projection) to make Hessian approximation to be positive definite. Next,
we use the basis described in Section 2.3 for BL1 and BL2. We use Top-K, K = | 7], for matrices
and models compression, probability p = 5, and stepsizes & = 77 = 1. The basis for BL3 is described
in Example 4.15 in the main paper. Besides, this method has the following parameters: Top-K,
K= L%J for models and Hessians compression; stepsize a = 1 = 1; probability p = % Finally, all

devices are active for BL2 and BL3, i.e. 7 =n. The results of this test can be found in Figure

—*— FedNL-BC, Top-K, K=§,p=}

DORE, RD, s=Vd

—»— BL1, Top-K, K=5.p=5

- BL2, Top-K, K=},p=5

—4- BL3, Top-K, K=4,p=}

107! 107 e 107! 107!
~10° ~107° ~10° ~10°
8 1077 B 1070 “\X 8 10 B 1070
1077 T 107 107 T 107
1077 X 1070 T o107 o107
10 ‘ y 10! 10! 10!
101 ‘ \ 101 10 \ 108
107‘; T olT" M 9B g% g 10~ ol T oI7 21d PEARDY 107]; T o7 970 o% 526 10" o1 217 2% o5 226
communicated bits per node communicated bits per node communicated bits per node communicated bits per node
ala, A\=10"* phishing, A = 10~* a9a, A =103 ala, A\ =103

Figure 5: The comparison of FedNL-BC, BL1, BL2, BL3 and DORE with bidirectional compression in
terms of communication complexity.

We see that all second-order methods outperform DORE in terms of communication complexity
by many orders in magnitude. Moreover, we can conclude that specific to the problem basis is helpful
since BL1 and BL2 outperform FedNL-BC.

A.8 Comparison of BL2 and BL3

Finally, we compare BL2 and BL3 with bidirectional compression and partial participation simul-
taneously. We set the number of active devices to 5. For BL2 we use standard basis in the space
of matrices, for BL3 the basis is one that was given in the example 4.15. For both methods the
compression operator is Top-K, K = |pd|, both for models and matrices. The gradient compressor
is lazy Bernoulli compressor with parameter p. We set p € {1,1/3,1/5}. In the Figure [f] we plot the
optimality gap f(z*) — f(2*) versus the average number of communicated bits per node.

—%— BL2, Top-K, K= |pd], p=} 4- BL2, Top-K, K=pd|, p=}  ~@ BL2, Top-K, K=|pd|, p=1 @~ BL3,Top-K, K=|pd,} —< BL3,Top-K, K=|pd],} —»— BL3, Top-K, K= [pd], p=1
107! 107! 107! -
~107° ~107° ~107° ~107°
81070 =10 B 1070 B 107°
T T T T
o107 o107 o107 o107
P 8 - B - 8 P,
=101 =10 11 =10 1>1 210 1
101 ‘ 101 1071
10! 5% % 9% - 0" o7 5% on 2% PEg 10" o7 2% 10 oT7 2% B}
communicated bits per node communicated bits per node communicated bits per node communicated bits per node
— -3 _ —4 . ; _ -3 : s _ —4
ala, A=10 ala, A=10 phishing, A =10 phishing, A =10

Figure 6: The comparison of BL2 and BL3 with bidirectional compression and partial participation
in terms of communication complexity.

The first observation from the numerical results is that BL2 is less communication-efficient
method than BL3. However, if we use specific basis for BL2, then it improves the performance of the
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method; in Figure [5] BL2 is better than BL3. Besides, we clearly see that bicompression improves the

performance of BL2 in partial participation setting. However, this is not the case for BL3.

B Proofs of Lemma and Proposition

B.1 Proof of Lemma [3.1]
(i) We have

2
~ B - Al
F

H(B+BT)_A

1

= 1IB+BE+[Alf - (B+B",A) —[B[f — [AlF +2(B, A)
1

= ;IBI& + *IIBTHF+ ;(B.B') —|B|i+(B-B', A)

1
= §<BvBT> - §HBHF +(B-B',A)

<(B-B'A)
0,

where the first inequality comes from the Cauchy-Schwartz inequality, and the last equality comes

from the fact that A is symmetric.

(ii) From (i), for any A € R%*? we have
E[C(A) — Al <E|IC(A) — Allf < (1 - 8)|Allf.

B.2 Proof of Proposition

From the definition of C;, we have

E[|C1(A) — AlF] = E[C1(A)E + | AlF — 2E[(C1(A), A)]

02 Q% (bivi) T Q4 (bv;) Qi (au;) T Qf (aju;)
- Il + 3 i L2 Qb e 0l

0i0;Qh (bivi) T Q) (bjv;) Q] (aju;) " Qf (asus)
aia;jbibj(wi + 1)%(wa + 1)2

+ Y E

i,j€[R],i#]

i o
- 2<Z (@ + Dz + 1>’A>

2| Q) (bivy)| - EHQZ(au 12 /s o
A 2 7 1 z 1
= || A2 +z 26 (w1 + %en £ 1) 2
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where in the last two equalities, we use the independence of each Qil, Qé, and the fact that u]TuZ =0
and viT v; = 0 for 7 # j. From the definition of unbiased compressors, we further have

will?||vg |2 il oiuv,
Ellcy(A) - Amr<uwF+§ju]lﬂuain—%<§j@n+n@;+lyA>
i=1

<“wﬁ&MHQM%

R R
1
+ A2—|— 02'2 ui2vi2—2 UZ"LLZ"UZT,A
(mHWﬁQOmw;|wn >
Zﬂzuz

2
1

_ (1 _ 2
B <1 (w1 + 1) (w2 + 1)) IAle+ (w1 + 1) (wy +1

F

_ 1 2 (1 — F/a) 2
SQ M+MWHQM“WmHmﬁDMM
(. R 2
- (1 d(wy + 1) (w2 + 1)) 1AllF,

where in the last inequality we use the fact that Rank-R is a contraction compressor with parameter
R/q |Safaryan et al., [2021].
For Ca, the result follows from Lemma [3.1] (ii).

B.3 Linear Independence of Outer Products

Lemma B.1. Let vectors {vy,v,...,v,} C R? are linearly independent. Then outer products
{viva: i,5 =1,2,...,7} are linearly independent matrices in R¥4,

Proof. Let {e1,ea,...,eq} be the standard basis in R%. Then, for all i € [r]

T
v = E Vit€t.
t=1

Denote Ey; = etel . Suppose linear combination of matrices {Ul 24,7 =1,2,...,7r} with some
coefficients c¢;; is zero matrix. After simple transformations, we get

T r d d r
T
0= E CijUiv; = § Cij § vtV By = § E cijvitvj | Eq,

ij=1 i,j=1  tl=1 =1 |i,5=1

which implies that

> cijvivy =0, forall t,1 € [d].

ij=1
Then notice that
T T T T
/
0= g CijVitVj1 = g g CijVji | Vit = E CitVit
ij=1 i=1 | j=1 i=1
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holds for all ¢ € [d], which implies that !, ¢/,v; = 0 (where that last 0 is a vector of size d). Since
v;’s are linearly independent, we get ¢;, = 0 for all ¢ € [d] and [ € [r]. By definition ¢, = Z;zl Cij V1,
hence Z§:1 ¢ijv; = 0. Again using linear independence of v;’s, we get ¢;; = 0 for all ¢,j € [d].

Therefore outer products ijT are also independent. O

29



C Proofs for BL1

We denote Ei[-] as the conditional expectation on 2*, w*, and HY.

C.1 Proof of Lemma [4.8
If |V2fi(x) — V2fi(y)|lr < Hyl|z — y|| for any z,y € R?, and i € [n], then from @I) we have
Ih'(V2 fi(2)) — (V2 fi(y))llp = llvec(h' (V2 fi(x))) — vee(h' (V2 fi(y))) ]
< B - vee(V2 fi(w)) — vee(V2 fi(y)) |
= 1B7H - V2 filz) = V2 fiy) I
<187 I H |l — yll,
which implies that M; in Assumption [4.7] satisfies My < max;{||B; ||} H;.
IfF|(V2fi ()5 — (V2 fi(y) 1] < vl|z —y|| for any z,y € RY, i € [n], and 7,1 € [d], then from @, every

entry of h*(V2fi(2)) —h* (V2 f;(y)) will be bounded by v||B; ! ||oo|lz—y||. Hence My in Assumption
satisfies My < vmax;{||B; ! ||oo}-

C.2 Lemmas

The proofs of Lemma and Lemma, are the same as that of Lemma B.1 in [Safaryan et al.
2021]. Thus we omit them.

Lemma C.1. Let Q be a compressor and > 0. For any x,y,z € R?, we have following results.
(i) If Q is an unbiased compressor with parameter wy and 1 < V/(wy+1), then
Ellz +7Q(z — 2) = y[* < (1 = n)|lz — ylI* +nllz — yII*,
where K] is the expectation with respect to Q.

(ii) If Q is a contraction compressor with parameter dy and n =1, then

1) 6 7
Ellz+ 79z —2) —y|? < (122 )z =yl + [ — — 5 ) [l —y]%,
4 oM 2

Lemma C.2. Let C be a compressor and o > 0. For any matriz L € R and y, z € R?, we have
the following results.
(i) If C is an unbiased compressor with parameter w and o < lJw+1, then
E[L + aC(h (V2 fi(y)) — L) = K (V2 fi(2)) I} < (1 = @) |L = h' (V2 fi(2)) I + aMF ]y — 2%,
where E[-] is the expectation with respect to C.

(ii) If C is a contraction compressor with parameter 6 and o =1, then

6 7

BIL+aC(H (V2 10) D)1V G < (1= §) 1L (P AEIE+(§ - § ) =12
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Lemma C.3. We consider four cases:

(i) If Assumption (ii) holds, ||z° — z*|*> < mln{4d2j{2, 2 — a2 < min{ﬁ%,M}, and
2 2
HF < 1w for k < K and any M >0, then 257 — 2*[|2 < min{ k-, M}.

(ii) If Assumptzon holds, HE < ﬁﬁ |2F —z*|? < min{%,M} for k < K and any
2
M >0, then ||zE+T —2*|2 < mln{m,M}.

(iii) IfAssumptz’on(ii) holds, and ||z* —z*||?> < d2M2 for k < K and any M > 0, then HE < M.

(iv) If Assumption |4.6 holds, HE < M, and ||z% — z*||? <
HETL < M.

Proof. (i) If &8 =1, from (23 , ., and (26), we have

BM2 for any any M > 0, then

k+1 * (|2 1 112 k *1(12 21k k * (12
|25 — 2|7 < — | - llz" — 2" + 2NpR*H" | [[" — 2™
p?\ 2

. p? M
S TRE [

Lok
< Z k(2
e

for 0 <k < K.

If ¢k = 0, since we also have ||w* — z*||? < min{%,M}, then from , , and 1) we
can get the above inequality in the same way.
Since |20 — 2% < min{%, M3, we know ||z¥ — 2|2 < min{%, Miforall 0 <k < K+1.
Then from Assumption (ii), we can get

”ZKJrl _x*H2 K+1 45‘2

< dmax|z;
J

<d max |zf—z*|?
0<t<K+1

12
§m1n{4dH2,M}.

ii) First, from the update rule of wk, we know ||wF — z*||? < min Al\z”‘z ,M} for k < K. If
1H?By
=1, from (23 ., and (26]), we have

K+1 * (12 1 H2 * (|12 29K K * 12
2R —2*|? < = ( -1 = 2P+ 2Ng RPHN ) |28 — |

A A
< M M HZK —x*||2
8By 2BM

2
<AMmin{ Anp M}
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If ¢5 =0, from |Jw® —2*||? < min{ 4’?{%}%; , M} and 7 we can obtain the above inequality similarly.
Then from Lemma (ii), we arrive at

25— 242 < (1= A" = 2*|* + BuilJa™ 1 — 2|2
. Anmp . AM,uQ
S(l_AM)mm{ZlHZB M}+AMmln{4H2BM,M

) Anp?
= min {4HQBM,M .

(iii) From Assumption {4.5(ii), we have

1< .
/HK:EZHLiK_LiH%

< *Zd2 manx{|(L = (L)al*}
<d2M2 max | z¢ — z*|?

0<t<K
< M.

(iv) From Assumption {4.6[ and Lemma (ii), we have

L = LR < (- AL - L + BME|=" — 2™
< (1= AL — L + AM,

which implies that

HEFL = ZHLK+1 L2 < (1—AM+ AM < M.

O
C.3 Proof of Theorem [4.9
First we have
||1L‘k+1 o .’L‘*”2 _ ”Zk R [Hk];19k||2
2
- (1 - - )|
1 & & e |2
< o B =0 = (o = V)| (23)

where we use V f(2*) = 0 in the second equality, and ||[Hk];1]| < i in the last inequality.
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If ¢€8 =1, then
|4 — ) — (6~ Vs
= [¥rGE) = V@) = V@ R - ) + (V) - )G - o)

2

k * 2 * k * * k k * 2
<2|[V/() = Vf @) - VA ) - a) (a) = [HY],) (=" — o)
< H72||Z’“ — 2|t 2| [N, - VR )P 2R - a2t
=9 o
< H:HZ"“ — ||t 2 BY = VR ()[R ]| - 2
= 2 F
AR NE HHk o e
F
< Hill — |+ ZIIHk V2 i) R — 2| (24)
=9 Fll# x )
where in the second inequality, we use the Lipschitz continuity of the Hessian of f, and in the last
inequality, we use the convexity of || - [|2.
If ¢k = 0, then

|4~ 2) (6 - vra)||

= [|EHE =) + Vb - O - [ e

= ||t — k) + ) - ||

= )Vf(w’“) = Vf@@*) = V(") (w" = a*) + (V2 f(2") - [BY],) (0" — 2*)
H2

2

< Tllwk — 2|t + 2| HF — V2 f(2)||E|w" — 2*|?
H? 2 &
< —Jlwf —a2** + - Z IH} — V2 fi(a™) |5 ]Jw® — 2*|%. (25)
=1

2

From the above three inequalities, we can obtain
H?p 2 <
Ey [l —2*)® < Wllzk —a*|* + i D IHE = V2 fila)[IB]12" - 27
i=1

Hz(l—p) k x4
U v el

2(1—p) <
+ > | = VR ()[Rl - 2
=1

From the definition of (Ay, By) and Lemma by choosing z = z*, x = 2" and y = 2* in
Lemma we can obtain

Eksz-i-l - x*HQ _ EkHZk + an(ZL‘k+1 _ Zk) - x*HQ

< (1 — An)||2% — 2*||2 + BuEg|jz" T — 2%

33



Combining the above two inequalities, we arrive at

Eillo" —a*|? < (1 — An)|l=* — 2™ + 2 <2sz —a P+~ DO IHF = VA fi(a)E ) 12—
i=1

W

By(1 —p) [ H? 2 —
T 2Hw’“—w*Hern;\\Hf—Vin(af*)ll% lw® — 2.

From the update rule of H¥, we know HY = Zﬂ(Lf)ﬂle. Denote L = h*(V2f;(z*)). Then we
have
2

* * jl * jl
[Hf — V2 fi(a®)|F = || D_(LF = Lf)uBY|| < Ne Y [I(Lf — L) Bl ||
i . i
< NR?|L} — L[ (26)

Define H* := 1 3 | |[L¥ — L7||Z. Then we have

B4 = a7 < (1= At = o P4 24 (¥ P 2N ) 1 o

112
Bu(l—p) (H? 1 .2 200k \ [k k2
+T THM —z*||* + 2N R*H" | ||lw" — z¥||*.
Assume ||2F — z*||? < 4‘?_[1‘241’% and HF < % for k > 0. Then from the update rule of w",
we know [|wh — z%||? < 4’?}2‘% for k£ > 0. Thus we have
Am Anm(1 —
Ek"zk+l _ x*HQ < <1 _ AM + i > ||Z *”2 + M(4p)”wk _ ZIJ*||2 (27)
From the update rule of w*, we have
Egllwttt —2*||? = pl|2* — 2*|* + (1 - p) u* — 2| (28)
Define ®F := ||2F — 2*||% + M\\w 2*||?. Then we can get
Apm(1 -
EAOE) = Bellstt - ot 4 Mg P+ — o
p
A Av(1— Av(1 -
4 4 2p
(o) A An(1—
S (1A ke (1 - By AP e

By applying the tower property, we have

E[® 1] < (1 - min{‘;lM’p}> E[®}].

Unrolling the recursion, we can get the result.
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C.4 Proof of Theorem [4.10]

Since ¢ =1, 7 =1, and QF(z) = z for any = € RY, it is easy to see that z¥ = z* for £ > 0. In this
case, we can view QF as an unbiased compressor with wy = 0 or a contraction compressor with

om = 1. Then from , we have

A
EkakJrl o x*HQ < (1 . 2M> ”:L’k . (IZ‘*||2

From Lemma we can obtain
Ex[H") < (1 — AYHF + BMZ |2 — 2*|%.

Thus,
4BM? .
E[@5H] = Ej[H ) + TMlEkakH —z*||?

4ABM? A
< (1—AHF + BM2||z* — 2*|? + —L (1 — M) |zF — ||

Ay 2
< (1 - mm{‘lf’ AM}) ok,

By applying the tower property, we have E[@’;H] < 6, E[®4]. Unrolling the recursion, we have
E[®4] < 0F @Y.
Then we further have E[H*] < 05®9 and E|zF — 2*||2 < A, 0539, From 2F = zF, , and

4BM?
(24)), we can get

k+1 *(2 1 H? k *12 29k k * |2
|z — 2| SE 7”3@ —x¥||* 4+ 2NgR“H" | ||z" — =™||*.

Assume z¥ # z* for all k£ > 0. Then we have

(2

= 7||x’f — |2 + 2NBR2’Hk) :

[F = w2 =
and by taking expectation, we arrive at

ka+1 —95*H2] H? k *112 2NpR? k
El— | < —E|z° -2z + E[H
[ J2F — 2% |2 p? | | I [

Ay H? 2Ngp R?
<of (M BT ) 6.
8BM?pu? 2

C.5 Proof of Theorem [4.11]

(i) Noticed that under Assumption , we have Ay = By = 1. We prove this by mathematical

2 2
: - - : 0_ 0 0 _ %2 ind & 1
induction. First, since z° = 27, we know [|2” — 2*||* < min{ ;77=, 165 Ny, RZN2 }. Then from Lemma

C.3| (iii), we have H" < %. Next, assume
2 2 2
k * (|2 : I I k H
_ < d < —0
I = 2™l < mm{4dH2’ 16d3NBR2M22} and A< SN R
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K B 2 ) ,
0 = y hoosing M = —£t——— in ). we hav 2I(+1 *|2 . I n
ork = £ ‘ e 16d° N REM ' Lemma(l)? ¢ ave ” o H < m {4dH2’ 16d3 Ng R2 M2 }

2

By further using Lemma |C.3| (iii), we can get HF+! < %.

. . . D) : Anvp? AAyp?
(ii) We prove the result by induction. Assume ||z — 2*||* < min { IH By T6Nw 2 By B and

2
HF < % for k < K. Then by Lemma |C.3| (iv), we have HEAL < _Amp® Moreover, by

16NBR2BN[
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D Proofs for BL2

We denote Ei[-] as the conditonal expectation on z¥, w¥, I¥ LF and HF.

,L AR A
D.1 A lemma
Lemma D.1. We consider four cases:

: : . . 2 , 2
(i) IfAssumptwn (ii) holds, ||z°—z*||? < mln{dz(cﬂfw, MY, ||k —a*|? < mln{m,]\i},

k< < K+1_ %12 < 10 T
and H" < gk fork < K, i € [n], and any M > 0, then [|z;> 7 —z*[|* < mln{d(6H2+24H12)’M}
for i € [n].
.. - 2 % . 2
(i) If Assumptzon holds, HE < %, |2F — 2% < mln{#jm,M} fork < K,
. E . 2 .
i € [n], and any M > 0, then ||z — 2*|)? < mm{mg“th—M,M} fori € [n].
(iii) If Assumptwnn(u) holds, and ||2F — z*||2 < d2M2 for k < K, i€ [n], and any M >0, then
HE <M.

(iv) ]fAssumption holds, |LE —L||2 < M, and |25 —2*|? < BM2 fori € [n] and any M > 0,
then |LETY — L2 < M fori € [n].

Proof. (i) First, from the update rule of w¥, we know Z*¥ < min{szleQ),M} and Wk <
1

. 2
mm{m, M} for k < K. Then from , we have

3H?

3H? 12N R?
¥ — 2| < il (WF)? + —— %kw’w—M; ZMwk
1 k
< —
< dW
u? M
< min 57 T ()
R(6H? + 24H2) d
for0<k<K. , ,
Since [|2° — 2*||? < min{m‘w M1, we know [[z% — 2*||? < min{cl?(ﬁHgiJrzzin)’ M3 for all

0 <k < K + 1. Then for i € S*, from Assumption (ii), we can get

2 = a** < dm]aX\(zzK“)j — aj?

<d max |zf—z*|?
0<t<K+1

2
< min a M
d(6H? + 24H?)

For i ¢ S*, we have

2

K+1 #12 _ || K |2 ; H
£ = = [ =P < i { gt M-
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(ii) First, from the update rule of w*, we know ZF < min{BM(AM—“Q),M} and Wk <

6H2+24H?

. 2
mln{#@, M} for k < K. Then from , we have

3H?2

3H? 12Np R
R+ 7/;’ HIWH - = 5h 2w

A M
~ By Bn(6H? + 24H?)’ ‘

Then for i € S*, from Lemma (ii), we arrive at
I = 2*)2 < (1= A= — 2*|* + Bulla™* — 2

2
S(l—AM)min{ M}-I-AMmin{ Avip

Bu(6H? + 24H2)

Amp?
By (6H? + 24H12)’
A 2
= min My 7
By(6H? + 24H12)

For i ¢ S*, we have

A 2
125+ — 2% = |25 — 2*||* < min MMy
: Bum(6H? + 24H?)

(iii) From Assumption [4.5[(ii), we have

1 n
S| 7 H
i=1

1 & *
< > HE?;X{KLiK)jl — (L)l
i=1
<d*MZ  max |z — 2|
i€[n],0<t<K
< M.

(iv) For i € S*, from Assumption and Lemma (ii), we have

L - LR < (1— A)LE - L |F + BM7||z* — 2|
< (1— A)M + AM
= M.

For i ¢ S*, we also have
K * *
L = LifE = L - Ly < M
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D.2 Proof of Theorem [4.12]
First, from [HF] 4+ (5T = V2f;(2F) = pI, we know [H*]; + I*T = 1 3" | ((HF], + I¥T) = puI. Then
we have

o+t = (i 1) (o = (144 01 07 4 VS >) H

n

12 Zn: HY, + )2 + = ZVf,
i=1 zl

=1

1

T

ngng (I, + 1)a" + V£ ()]

:*ZH (HF)s + UDwf = Vfi(wf) — (HF)s + U™ + V fi(2")|

IN
|

S Vi) - Vi) - V) (wk - 2]

+ @ Z (s + 6T = V2 fi(a*)) (w] — 27|,
i=1

where we use V f(z*) = 0 in the first equality and gF = ([H}]s + (¥ T)w¥ — V fi(wF) in the second
equality. Since |[V2f;(z) — V2fi(y)|| < H|z — y|| for any x,y € R?, we further have

\ H & , 1 < ) )
o* =2 < %Zuwgﬂﬂ HQ+@ZII([H§]S+Z§17V2J‘2($ NI - (wf — )|
i=1 i=1

H 1
< oW =3 (I, - V2 fi(at)le + ) llwf = o)l
2 nu; ITH] (@) I I
where WF = L 570 ||wh — 2%||%.
Since [|[V2fi(z) — V2 fi(y)|lr < Hi|lz — y|| for any z,y € R?, we can get
I = I[H7]s = V2fi(zP)le

< || [H]s — V2fz($*)HF +IV2fi(zF) = V2 fila®) I

< I = V2 fila) e + Hul|2f — ™).
Thus,
lz*+ — 2| < Q,UW + TLZ (II[Hﬂs = V2 fila*)|| + I[HF]s = V2 fi(a*) e + Hallzf — II) [
=1

H 2 Hi <

< 7wk e Hk _ VQ (¥ k_ .x 411 k% ko x

< 2 +W;|H ils fil@)|[pllwi” — =¥ + W;HZ@ 2t |[[wi” — =7

LemmaB1 H & 2 n k H, n

il e HY — v2 o k_ x T k_ x k _ %

L G LI = et a7+ S e et |
H 2 L g 1 1
e (ZHH’“ V2 fila)lIE ) (m#) 0 (n2t)" ()
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where we use the Cauchy-Schwarz inequality in the last inequality and Z% := L 3% | ||lzF — o2,

Since HY = Zjl(Lf)legl, same as , we have
Y — V2 fi(2")If < NgR?|ILY — L%, (29)

where L = h*(V2fi(2*)) and Np is defined in . Then from the convexity of || - ||?, we further
bound ||zFt! — z*||? as

12WF 3H?
V\; L zk

— V2 fi(@")|IF + el Wk

3H?
" =27 < T W) +

B) 3H? ., 12NgRPWF & 3H?
< e E LF — L*2 1 2771 Zkyk
~ 4M2 (W ) + 7’L,LL2 g || 7 7 ||F + W
3H? 12NBR 3H?
= M2 W /ﬂl ZMWH, (30)

where HF =135 | |LF — Ly|2.

For i € S*, we have zkH = 28 + nQF (2! — 2F). Then from the definition of (Ay;, By) and
Lemma |C. 1] m by choosing z = zk xz =2 and y = 2* in Lemma , we can obtain

Exllloi ™ —a*|* | i € §*] = Ex[l|2F +nQ" (™! — 2F) —«*|* | i € 5¥]
< (1= An)lf — 2*|* + By — 2*||?

= (1= An)l=F — 2™ + Burfla*** — o).

Noticing that P[i € S¥] = 7/n and 2! = 2F for i ¢ S*, we further have
. T .
Epllof ! — | = TEg[lof*! 2% | i € S% 4+ (1— 2 ) Balllsf ! — a7 | ¢ $¥
B T

(1= Ak = P + b =P+ (1= ) ok — 2P

-
n
T
n
TA B
= (1 T2 bk -t TR

which implies that

1 — .
Ex[2FH1] = - ZEkHZf“ —z*||?
=1
n
<

1 TAM k % TBM k %
§j<1— )Hzi—x||2+||x“—xu2
nizl n n

A B
_ (1 B TnM> Zk—i- TTM”karl _x*H2. (31)

k+1

For i € S*, from the update rule of w; ", we have

Exlllwi ™! —a*|? | i € 8% = pEx[ll= " — 2*|°] + (1 = p)llwf — 27|,
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For i ¢ S*, we have wf“ = wf. Thus,
k * T k+1 . k T k+1 * . k
Eellwf ™ — o*|? = ZEqflluf ! — 2| | i € $)+ (1— 2 ) Ealllwf* — %7 | i ¢ S
p = ™ *
= (1= ) ok = o*)12 + 2R - o),
n n
which yields that

1 <& .
Ep[WFH] = - ZEkllwf“ — 2|

=2 (1= Dk - 23 Tt - o
n n<n ¢

:@‘%WW+@MBHW

GBI A 2B
< (1 ) Wk 4 <1 - TM) 2k T2MP kit 2, (32)
n n n n
Let ®F .= Wk 4+ AM (1 — TA%) ZF for k > 0. Then from the above inequality we have

A ’B 2 A
Ek[q)/;-i-l] < (1 - ) Wk: . <1 _ 7—nM> Zk + 7-,’172Mp”xk+1 - $*||2 Af/{ (1 . TﬂM) Ek[ZkJrl]

(31)
2(1—n)W’“ 2]3 (1_TAM> (1_TAM>Zk 2TpBM <1—TAM>H£L'k+1—x*H2

Aum n 2n nAwm 2n
P( 2 2 2
+Z\’4 <1 = T‘iM) (1— T;i“) zk,
If [|2F — 2%|2 < M%)M and HF < 961\}4% for all £ > 0, then we have

which implies that

™ 2p TAM TAM
b=t (- 80) ()

< (1 _ mm{MM) ol
2n

By applying the tower property, we have

E[@kt!) < <1 - Tmirléﬁ’/lM}) E[®4].

Unrolling the recursion, we can obtain the result.
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D.3 Proof of Theorem [4.13

Since ¢&¥ =1, n =1, S* = [n], and QF(x) = z for any x € RY, it is easy to see that wf = 2F = 2* for
all i € [n] and k > 0. In this case, we can view QF as an unbiased compressor Wlth wM = 0ora
contraction compressor with dy; = 1. Then from , we have

Eilla™* —2*|* < (1= Aw) [|l2* = 2*||* + By[|2** — 2™

(E0) a2, L )
< (1— Ay [lz* — = ||2+1AMka—:c I?

4
(1 - 34M) ok — 2|2

Ep[H") < (1 — AYHF + BME||2* — %2

From Lemma [C:2] we can obtain

Thus,

Ek[(bi—i-l] _ Ek[Hk-‘rl] +

4BM? .
Bl -

4BM? 3A
< (1 — AHF + BM?||z* — z*)? + 1 <1— M) [|zF — |2

An 1
< (1 - mm{2‘24’ AM}) ok,

By applying the tower property, we have E[CIDZH] < 6,E[®%]. Unrolling the recursion, we have
E[®] < 05@Y.
Then we further have E[#*] < 05®} and E|jz* — 2*||2 < 20,0589, From wF = 2¥ = 2% and

4BM?
, we can get

3H? 4+ 12H 12Np R?
o+t = < (S e oy B ) oty

4 2

Assume z¥ # z* for all k£ > 0. Then we have

|2kt — 2| - 3H? + 12H? 1* — 2| + 12NBR2Hk
Jah — 2|2~ 4p? p? ’

and by taking expectation, we arrive at

2P+ 12NBR

Ea* ~

k1 _ |2 2
E [[w x| } < 3H? + 12H? B[]

442
< g Am(3H? +12H?)  12NpR? o0
2 16 BM2 2 2 4

% — a?

42



D.4 Proof of Theorem [4.14]
(i) Noticed that under Assumption , we have Ay = By = 1. We prove this by mathematical

2 2

induction. First, since 2¥ = 20, we know [|2? — 2*||? < min{ d(6H2i24H12)’ 96d3N/;R2M22} for i € [n].
2
Then from Lemma [D.1 (iii), we have H® < s6ans gz Next, assume
2 2 2
k *((2 . 1% 1% . k )%
v < , fori€n] and H* < ——,
Iz ="l < mm{d(6H2 + 24H7) 96d3NBR2M22} ] = 96dNg R?
for k < K. By choosing M = m in Lemma |D.1| (i), we have
2 2
K41 _ %12 < i H K
I= || < min { d(6H? + 24H?)" 9643 Ny R2M3 } ’
for i € [n]. By further using Lemma |D.1 (iii), we can get HE+1 < m.
.. . . . 2 2
(ii) We prove the result by induction. Assume |z¥ —2*||?> < min { BM(Gzl\gi24Hf)’ 96NBARA21\§;BM12 }

and ||LF — L2 < % for all i € [n] and k < K. Then by Lemma [D.1| (iv), we have |LX+! —

(12 Amp? . K+1_ %2 : App? AAyp?
L} |¥ < gsnofzmy, - Moreover, by LemmalD.1)(ii), we have |z z*||* < min B (62 20H7)* S6Ng 12 Byg BV

for i € [n].
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E Proofs for BL3

We denote Ei[-] as the conditonal expectation on zF, w¥, LF, ~% gk A¥ and CF.

E.1 Proof of Lemma [5.3
(1) If |[V2fi(x) — V2 fi(y)||r < Hi|lz — y|| for any x,y € R%, and i € [n], then from we have
1RF(V2 fi(x)) = (V2 fi(w)) e < [|lsvee(R' (V2 fi(2))) — svee(h' (V2 fi(y))|
< 1B~ - llsvec(V2 fi(w)) — svee(V2 fi(y))|
< V2((B) |- IV file) = V2 fi(y)lle
< V2||(B)) | Hallz —yll,
which implies that My in Assumption 5.2 satisfies My < v/2 max;{||(B;) 1|} H;.

If [(V2fi(2))j — (V2fi(y)jl < vlz —yl for any 2,y € RY, i € [n], and 4,1 € [d], then from (15)),
every entry of h'(V2f;(z)) — h*(V2fi(y)) will be bounded by 2v||(B;) " s |lz — y||. Hence Ms in
Assumption satisfies My < 2v max;{||(B;) |l }-

(ii) If [(V%fi(x))n| < v for any x € R?, i € [n], and j,I € [d], then from , every entry
of h¥(V2fi(x)) will be bounded by 2v][(8;) ™|, i.c., maxj{[h*(V2fi(2)) ]} < 29[|(Bi) " [loo- In
particular, under Assumption (i), (LF); is a convex combination of {h*(V2fi(2}))j1}i<k, and
thus M3 in Assumption satisfies M3 < 2y max; {||(Bs) ™" [|oo }-

(iii) First, from |V2fi(x)|r <7 and , we have
12 (V2 fi(@)le < llsvee(h' (V2 fi(x))]
< (B~ - lsvec(V2fi(2))l|
< V2/|(B) - IV2 fi(a) I
< V2((B)'17,
for any z € R% and i € [n]. Assume ||LE||Z < %H(Bi)_IHQﬁQ. Then under Assumption same as

Lemma (ii), we have
ILEFHE = LE 4+ ¢ (R(V2A(E) - LF) I

5 6 T\ -,
< (1-9) i + (- 3 ) oGl
= (1= A|LEYE + BV f(zKT)|12
2B
< (11— L=
<-4
=

(B)7H*3° + B 2)[(B) 1P

(B)~H1*32.

Since ||LY||2 < 2B||(B;)7!|?42, by mathematical induction, we can get |L¥|% < 2B|/(B;)7}?4?
for k> 0. At last, from max{[(LE);[} < [L¥e < YZB|(B) !, we can obtain My <

2B mai {||(B:) 7}
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E.2 Lemmas

The proof of Lemma is the same as that of Lemma B.1 in [Safaryan et al. |2021]|. Hence we omit
it.

Lemma E.1. Let C be a compressor and o > 0. For any matriz L € R¥™% and y, z € RY, we have
the following results.

(i) If C is an unbiased compressor with parameter w and o < lJw+1, then
E|L +aC(h'(V2fi(y)) = L) = B(V2fi(2) |} < (1 = @)L — 1 (V2 fy(2)) I} + M|y — 2|,
where E[-] is the expectation with respect to C.

(ii) If C is a contraction compressor with parameter 6 and o =1, then
BIL+aC(H (V2 1:0) D)~V G < (1= §) LR AR+ (§ - § ) =12

The constants ¢; and ¢ in the following lemma are defined in (33)).

Lemma E.2. We consider four cases:

. . .. * : * 3 2

(i) IfAssumptzon (i) holds, ||z°—x*||? < mm{m, MY, |lzF—ar|? < mln{m,M},

and’Hk<“—2f0rk:<Ki€[n] and any M > 0, th K+l 2 < min{ A M
= Zdcsy ~ ) ) Yy en ||Z - H —= mln{4d(H2+4cl)’ }
for i € [n].
A : Am

(i1) IfAssumptzon holds, H¥ < 4CI2\45M |2k — 2% < mm{m M} fork <K, ié€|n],

and any M > 0, then |25+ — 2% < min{m M} fori € [n).

(iii) If Assumption(ii) holds, and ||2F — z*|? < d2M2 for k < K, i€ [n], and any M > 0, then
HE <M.

fori € [n] and any M > 0,

(iv) ]fAssumption holds, |LE —L||2 < M, and |25 —2*||> < BM2

then |LETY — L2 < M fori € [n].
2
Proof. (i) First, from the update rule of w¥, we know ZF < min{m,M} and WF <

mm{m M} for k < K. Then for Option 1, from 1) we have

H? 2 2
|+ — 2¥|2 < S (WH)2 4 S Zhtypk 4 S 2k
2u p? p?
< Lypw
=4

< mi i M
minsS ——————~<, —
= Ad2(H? + 4¢1)’ d [
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for 0 < k < K. For Option 2, we can get the same bound for ||z¥*! — 2*||? as above from

Since xo—x*zgmin%M we know ||z* m*2§minﬁM fora110<
1d*(H 142 (H

+4c1)? +4cy)’
k < K + 1. Then for i € S*, from Assumption (ii), we can get
2 — 2| < dmjax (=) = 25?
<d max |z'—z*?
0<t<K+1
2
: 7
< — M.
= T { 4d(H? + 4cy)’ }
For i ¢ S*, we have
K+1 2 K 2 >
a4 = P = et = o P < min{ ot v
(ii) First, from the update rule of w* we know ZF < mm{w?THC M} and Wk <
mln{m, M} for k < K. Then for Optlon 1, from , we have
2
HxK—H _m*HQ < %(WK)Z 2chK WK | QCQHKWK
2p I
< AiMWK
= B
AM Anpi?
min
- BM 4BM(H2+461)’

For Option 2, we can get the same bound for ||#%*! — 2*||? as above from . Then for i € S*,
from Lemma (ii), we arrive at

12 =252 < (1 = A= — 2™ + Bufla™+ — 2|

) A . Anp?
<(1-A M A M
< M)mln{4BM(H2+4c1)’ }+ Mmln{4BM(H2+4c1)’

. Anp
= M ;.
mln{4BM(H2 +401)7 }

For i ¢ S*, we have

|25 — 2|2 = ||2K — 2*||? < min Avijt® M .
¢ ¢ - 4BM(H2+461)

(iii) From Assumption [£.5[ii), we have

1 < .
’HKZEZIIL%K*LZ-II%

< - ZdQ maX{! — (L))}

< d2 5 max ||zf — ZL‘*||2
i€[n],0<t<K

< M.
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(iv) For i € S*, from Assumption and Lemma (ii), we have

L - LR < (1= A)LE - L |F + BMZ||z* — 2|
<(1-A)M + AM
= M.

For i ¢ S*, we also have

L = LifE = L - Liff < M

E.3 Proof of Theorem [5.4]

Define HY := B¥AF — CF for i € [n] and k > 0. First, it is easy to verify that AF = 157 Ak
Cck = %Z?Zl Cf, H* = %Z?:l Hf, gt = %Z?:1 gf,l, and g5 = % v gﬁg for £ > 0. Then we
have

g* =Bt — gb

1 n
L3 (gt - o)
=1

Thus, from
and

we can obtain
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Then from the triangle inequality and the fact that H* = uI, we have

ka+1 — 2| < /7,22 vaz(wf) - Vfi(z*) — Hf(wf —z¥)
=1

IN

Mln ; |Vitwh) = Viia®) = Vfilat) (wh - a%) | + /jn ; | s = 9 ity - )|

IN

H S ., L k
s Dt =T+ ST HE = V)| o - 2|
=1 i=1

H 1 - * *

=5 Wit " DI = V2 fia)]] - wf — 2.
K L

We further use Young’s inequality to bound [|z*+1 — 2*||? as
2

k+1 *1|2 H2 k\2 2 - k 2 * k *

257 — 2| SQTLQ(W) +W ZHHZ—VfZ(fE)HHwZ—wH

i=1

< I o+ 2 (L0 jm - v ) w

where we use Cauchy-Schwarz inequality in the last inequality. Next we estimate |[HY — V2 f;(2*)|)°.
Denote L} = (V2 f;(z*)) and assume male{HBngF} < R for i € [n]. Then

Y — V2 fi(a™)|? = |B*Af — CF = V2 fi(a™)|®

2
= 32 [BH (@ + 208 — 20f — (L) B
jl
< NE Y [BH(h)+ 298) — (L) + 24|

jl
Assuming max;;{|(L¥) |} < M; for i € [n], we have

T |8 - D@y 2+ - 1)

B0+ 29F) — (L)) + 29f)

2 T
‘*’2‘(112‘ _Li)jl’

< 2|(8* — (T + )
2 2
< 2(Ms3 4 2 max{c, MB})2 )ﬁk* 1‘ +2‘(L? *L:)jl‘ :

R (V2 fi(2F 1)) i+ 2k
(LE)ji+29F

, where we define z; 1= z? .

For Option 1 in Algorithm we have ﬁf = maxj
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For any j,1 € [d], we have

- 2
W2 fi(2F 1)) 0+ 29k

(LE)ji + 27F

(RI(V2fi(z") =L

~1
(LF + 27;91) ,

10 ~.
Si‘ hz V2f@(zk 1 ’

2
S [T TE | 5  [  S
2M?2 ¥
S —\ f- 1]

where we use (L¥ + 27T);; > (L¥);; + |(L¥) 1| + ¢ > ¢ in the first inequality, in the second inequality,
we use the Young’s inequality, and the last inequality comes from max{|(h*(V?f;(x)) — L) |} <
Ms||z — 2*||. Then from the definition of ¥, we arrive at

2 2M? 2 2
k k— * k *
85— 1] <n;?x{ Sl —a ||2+62]<Li—Li>ﬂ!}

2MZ oy 2 ik
<= SET a1 Sl - L

For Option 2 in Algorithm 3} we can have the following bound in the same way.

2M2
2

2 2
85— 1| < 5k — | + SILE - L)%
For Option 1, from the above inequalities, we can get

4N2R2M52(M3 + 2max{c, MS})2 I -1 _ 33*||2
c2 i

2N (M3 + 2max{c, M3 2 "
: 20 1o - g

IHF — V2 fi(2)]* <

+ 2N R? <1 + 5
C

which implies that

1 IHE V2 ()2 < AN?R2M2(Mj3 + 2max{c, M3})?
E i 1 >~
n

=1

2

Zk—l
C

2N (M3 + 2 max{c, Mg})2> k
2 M

+ 2N R? <1 +
C

where #* := 15" | ||L¥ — L7||2. Similarly, for Option 2, we can get

1 — ANZR2MZ(M;3 + 2 M3))2
U3 - V) < s (M 2imaxie, s} 7

2
o 14 PN L)
Let
o ANZR2ME(My —01—22max{c, M} o (1 L 2N(Ms + 2221%{67 M3})2> (33)
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Then for Option 1, we have

H? 2
||:Ek+1 _ $*”2 < 27#204/@)2 + ﬁwk (Clzk—l + CQHk)

H? 2 2
= 5OV + AWk :“’kak (34)
and for Option 2, we have
H? 2 2
”xk+1 o $*||2 < 272()/\)}9)2 C1 Zka C2 ,kak (35)
I T

From the update rule of wf and zf, the results in and (32) also hold for Algorithm |3l Then
for Option 1, we have

(B%)) A ’B 2 A
B0k < (1= 2)wh g 2 (1 - TM) A e <1 - M) Bz
n n n n

n AM
@1) TAM TAM 2Tp By TAM
Z 1— ) k: 1— 1— Zk 1— k+1 X 2
< (- AM< &) (-3 2 T (- ) e )
BSZI (1 TP N 27pBm ( Wk N QCQHk ZClzk 1>> "
no nAu \ 242 p?

If [|2F — 2%|2 < Mﬁ and HF < 1‘2(?1% for all k£ > 0, then we have
H? 202 201 Ay
Wk k: Zk 1
22 ik = 1By’

which implies that

T 2 TA TA
By [@5 1] < (1 - %) Wk 4 Af/{ (1 - nM> (1 - an> zk

< <1 _ 7 min{p, AM}> ok
2n

By applying the tower property, we have

E[@it!] < <1 - W) E[@4].

Unrolling the recursion, we can obtain the result. For Option 2, we can have the same result.

E.4 Proof of Theorem [5.5]

Since ¢&¥ =1, n =1, S* = [n], and QF(x) = z for any x € RY, it is easy to see that wf = 2F = 2* for
all i € [n] and k > 0. In this case, we can view QF as an unbiased compressor Wlth wMm =0ora
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contraction compressor with dy = 1. Since also holds for Algorithm |3} for Option 1, we have

Eg|z**! — 2™ (1= Anp) [|2* — 2*|* + Bu[la™* — 2|

ING 1A

1
(1= Aw) [l2* = 2" [* +  Aul|l2* — 27

3A
(122 et = o2

For Option 2, we can get the same bound for Eg||z**! — 2*||? as above from .
From Lemma we can obtain

Ep 1] < (1 — AYHF + BM2 || 2% — 2%

Thus,

K, [(I)k-f—l] Ey [/Hk+1]

4ABM?
Bt - ?
M

4ABM? 3A
< (1—A)H’f+BMZ\|x’f—x*HZ+ 4 <1— M) ka—x*HQ

Am 4
< <1 - mln{2;4’AM}> ok

By applying the tower property, we have E[@Igﬂ] < 0oE[®F]. Unrolling the recursion, we have
E[®k] < 65®Y.
Then we further have E[H*] < 05®2 and E[zF — 2*||? < AM, 9580, For Option 1, from

4BM3
wF = 2F = 2% and (34)), we can get

H? 2¢ 2¢
k * k * 1 * 249k k *
ottt = o2 < (gl = a1+ 2ok — a2 4 22k ) ok -

Assume z¥ # z* for all k > 0. Then we have

||£Uk+1 — SL'*H? H? || *H2 2c H k-1 ||2 + 2627_[k
= =1 T
o= = 22
and by taking expectation, we arrive at
2cq 2co

|24 — 2] H? 212 4
[ s Bt -

< ok AM(H293—|—461) 202 (1)0
=3\ 8BMZu206; (2

S E|lz* — 2*|]* + = E[H"]
I T

For Option 2, from wk = zlk = 2% and || we can get

H? + 4¢ 2¢y
b4t ot P < (Tt et ot P4 2 ot -,

o1



Assume z¥ # z* for all k£ > 0. Then we have

”xk-‘rl o x*HQ H2 +401 || .
X
[k —z*||2 = 2p?

2c
o =
2

and by taking expectation, we arrive at

[ H? + 4¢; - 2¢9
p [l ol < ot A g ooy 4 22pppey
|k — 2| 1 1
< Gk AM(H2+401) 262 (I)O
3\ 8BMZu? 12

E.5 Proof of Theorem [5.6]

(i) Notice that under Assumption we have Ay = By = 1. We prove this by mathematical

induction. First, since z{ = 20, we know ||zo - } for i € [n]. Then

2 : J I
z|® < mln{4d(H2+4c1)’ 16d3co M2
from Lemma [E.2| (iii), we have H° < . Next, assume

) 16d

ko2 . p? p? - k< p
|z — 2||* < min {4d(H2 e 16d302M52} fori€[n] and H" < Todcs’
for k < K. By choosing M = 16d3722 in Lemma (i), we have
" —a*|* < min { 4d(H52+ dcy)’ 16d£c22M52 } ’
for i € [n]. By further using Lemma (iii), we can get HE+! < 1(5@'
(i) We prove the result by induction. Assume ||2% — 2*||? < min { 1 BM?I%i o) 160‘%;”5]\42} and

ILE ~ L2 < ;e for all i € [n] and k < K. Then by LemmalE.2)(iv), we have [LE*1 — Lt |2 <

Amp? K41 _ %12 : Anp? AAmp?
Toes 5y - Moreover, by Lemma( i), we have ||z; | < mm{4BM(H2+401), 60 Bt BT for

i€ n].
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