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Abstract

We develop several new communication-efficient second-order methods for distributed optimization.
Our first method, NEWTON-STAR, is a variant of Newton’s method from which it inherits its fast
local quadratic rate. However, unlike Newton’s method, NEWTON-STAR enjoys the same per iteration
communication cost as gradient descent. While this method is impractical as it relies on the use of certain
unknown parameters characterizing the Hessian of the objective function at the optimum, it serves as
the starting point which enables us design practical variants thereof with strong theoretical guarantees.
In particular, we design a stochastic sparsification strategy for learning the unknown parameters in an
iterative fashion in a communication efficient manner. Applying this strategy to NEWTON-STAR leads to
our next method, NEWTON-LEARN, for which we prove local linear and superlinear rates independent
of the condition number. When applicable, this method can have dramatically superior convergence
behavior when compared to state-of-the-art methods. Finally, we develop a globalization strategy using
cubic regularization which leads to our next method, CUBIC-NEWTON-LEARN, for which we prove
global sublinear and linear convergence rates, and a fast superlinear rate. Our results are supported with
experimental results on real datasets, and show several orders of magnitude improvement on baseline and
state-of-the-art methods in terms of communication complexity.
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1 Introduction

The prevalent paradigm for training modern supervised machine learning models is based on (regularized)
empirical risk minimization (ERM) [Shalev-Shwartz and Ben-David}, 2014], and the most commonly used
optimization methods deployed for solving ERM problems belong to the class of stochastic first order methods
[Robbins and Monro|, 1951} Nemirovski et al., |2009]. Since modern training data sets are very large and
are becoming larger every year, it is increasingly harder to get by without relying on modern computing
architectures which make efficient use of distributed computing. However, in order to develop efficient
distributed methods, one has to keep in mind that communication among the different parallel workers (e.g.
processors or compute nodes) is typically very slow, and almost invariably forms the main bottleneck in
deployed optimization software and systems |[Bekkerman et al., 2011]. For this reason, further advances in
the area of communication efficient distributed first order optimization methods for solving ERM problems
are highly needed, and research in this area constitutes one of the most important fundamental endeavors
in modern machine learning. Indeed, this research field is very active, and numerous advances have been
made over the past decade [Seide et all, [2014] [Wen et all [2017, [Alistarh et all, [2017] [Bernstein et al. [2018|
[Mishchenko et al., 2019} Stich and Karimireddyl, [2019} [Tang et al., [2019).

1.1 Distributed optimization

We consider L2 regularized empirical risk minimization problems of the form
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where f: R? — R is a smootH| convex function of the “average of averages” structure

n

f@) =2 S @), fila)i= oY fy(o), @

1

s
and A > 0 is a regularization parameter. Here n is the number of parallel workers (nodes), and m is the number
of training examples handled by each nodﬂ The value f;;(x) denotes the loss of the model parameterized
by vector € R? on the j* example owned by the i*" node. This example is denoted as a;j € R?, and the
corresponding loss function is ¢;; : R — R, and hence we have

Thus, f represents the average loss/risk over all nm training datapoints, and problem seeks to find
the model whose (L2 regularized) empirical risk is minimized. We make the following assumption throughout
the paper.

Assumption 1.1. Problem has at least one optimal solution x*. For all i and j, the loss function
wij : R = R is y-smooth, twice differentiable, and its second derivative cp;’] : R — R is v-Lipschitz continuous.

Note that in view of , the Hessian of f;; at point x is
Hij (IZZ) = V2fij (l’) = hij(x)aija;;, (4)

where
hij(z) := gaglj (aszx) (5)

'Function ¢ : R — R is smooth if it is differentiable, and has Ly Lipschitz gradient: ||[Vé(z) — Vé(y)|| < Ly ||z — y| for all
z,y € RY. We say that Ly is the smoothness constant of ¢.

2All our results can be extended in a straightforward way to the more general case when node 4 contains m; training examples.
We decided to present the results in the special case m = m; for all ¢ in order to simplify the notation.




In view of Assumption we have |} (t)| < v for all t € R, and
|hij(x) = hij ()| < vlajz —ajyl < viaglllz — yl (6)

for all 7,y € R%. Let R := max;; ||a;;||. The Hessian of f; is given by

1.2 The curse of the condition number

All first order methods—distributed or not—suffer from a dependence on an appropriately chosen notion
of a condition numbe@a number that describes the difficulty of solving the problem by the method at
hand. A condition number is a function of the goal we are trying to achieve (e.g., minimize the number of
iterations vs minimize the number of communications), choice of the loss function, structure of the model
we are trying to learn, and last but not least, the size and properties of the training data. In fact, most
research in this area is motivated by the desire to design methods that would have a reduced dependence
on the condition number. This is the case for many of the tricks heavily studied in the literature, including
minibatching [Takac et al., 2013], importance sampling [Needell et al., 2015, Zhao and Zhang} 2015|, random
reshuffling [Mishchenko et al., [2020], variance reduction [Schmidt et al., 2017, |Johnson and Zhang, 2013 Xiao
and Zhang, 2014, Defazio et al., 2014], momentum |Loizou and Richtérik, [2017ab|, adaptivity [Malitsky and
Mishchenko, 2019], communication compression [Alistarh et al., [2017, Bernstein et al., 2018} Mishchenko
et all 2019], and local computation [Ma et al.,|2017, |Stich} 2020, Khaled et al., 2020]. Research in this area
is becoming saturated, and new ideas are needed to make further progress.

1.3 Newton’s method to the rescue?

One of the ideas that undoubtedly crossed everybody’s mind is the trivial observation that there is a very
old and simple method which does not suffer from any conditioning issues: Newton’s method. Indeed, when
it works, Newton’s method has a fast local quadratic convergence rate which is entirely independent of the
condition number of the problem . While this is a very attractive property, developing scalable
distributed variants of Newton’s method that could also provably outperform gradient based methods remains
a largely unsolved problem. To highlight the severity of the issues with extending Newton’s method to
stochastic and distributed settings common in machine learning, we note that until recently, we did not
even have any Newton-type analogue of SGD that could provably work with small minibatch sizes, let alone
minibatch size one [Kovalev et al.,|2019]. In contrast, SGD with minibatch size one is one of the simplest and
well understood variants thereof [Needell et al., 2015], and much of modern development in the area of SGD
methods is much more sophisticated. Most variants of Newton’s method proposed for deployment in machine
learning are heuristics, which is to say that they are not supported with any convergence guarantees, or have
convergence guarantees without explicit rates, or suffer from rates that are worse than the rates of first order
methods.

3Example: if one wishes to minimize an L-smooth p-strongly convex function and one cares about the number of gradient

type iterations, the appropriate notion of a condition number is k := %



Table 1: Summary of algorithms proposed and convergence results proved in this paper.

Convergence
Rate
Method result T type rate independent of the Theorem
condition number?
NEWTOAR (NS) Tr41 < cri local quadratic v 2.1
12)
MAX/_\';IgEon:—}?n':l MN) Trt1 < cri local quadratic v D. 1]
NEWTON-LEARN (NL1) oF < 0Ta7 local linear v 3.2
Algorithm rrp1 < cOfry, local superlinear v 3.2
NEWTON-LEARN (NL2) o5 < 6527 local linear v/ 3.5
Algorithm Tyl < 69§'rk local superlinear v E
Ap < ¢ global sublinear X 4.3
CUBIC-NEWTON-LEARN (CNL) A < cexp(—k/c) global linear X 7.4
Algorithm <I>§ < 0§<I>g local linear v 5]
Tl < cGéfrk local superlinear v 4_
Quantities for which we prove convergence: (i) distance to solution r, := Hcrk - z*‘ ; (ii) Lyapunov function

2 . n m k V)2 _ P - " T % < - (33
+oeq 2oy 2 (ki — hij(a™))” for ¢ = 1,2,3, where hi;j(z™) = ¢;;(a;;27) (see ), (iii) Func-
tion value suboptimality Ay := P(z") — P(z*)

k . ko ok
<I>q = H‘L x

t constant ¢ is possibly different each time it appears in this table. Refer to the precise statements of the theorems for the

exact values.

1.4 Contributions summary

We develop several new fundamental Newton-type methods which we hope make a marked step towards the
ultimate goal of developing practically useful and communication efficient distributed second order methods.
Our methods are designed with the explicit goal of supporting efficient communication in a distributed setting,
and in sharp contrast with most recent work, their design was heavily influenced by our desire to equip them
with strong convergence guarantees typical for the classical Newton’s method [Wallis| 1685, Raphson, (1697
and cubically regularized Newton’s method [Griewank, 1981, [Nesterov and Polyak} 2006]. Our convergence
results are summarized in Table [l

e First new method and its local quadratic convergence. We first show that if we know the
Hessian of the objective function at the optimal solution, then we can use it instead of the typical
Hessian appearing in Newton’s method, and the resulting algorithm, which we call NEWTON-STAR
(NS), inherits local quadratic convergence behavior of Newton’s method (see Theorem [2.1). In a
distributed setting with a central orchestrating sever, each compute node only needs to send the local
gradient to the server node, and no matrices need to be sent. While this method is not practically
useful, it acts as a stepping stone to our next method, in which these deficiencies are removed. This
method is described in Section [2| A somewhat different method with similar properties, which we call
MAX-NEWTONY is described in Section [D]

e Second new method and its local linear and superlinear convergence. Motivated by the
above result, we propose a learning scheme which enables us to learn the Hessian at the optimum
iteratively in a communication efficient manner. This scheme gives rise to our second new method:
NEWTON-LEARN (NL). We analyze this method in two cases: (i) all individual loss functions are
convex and A > 0 (giving rise to the NL1 method), and (ii) the aggregate loss function P is strongly
convex (giving rise to the NL2 method). Besides the local full gradient, each worker node needs to send
additional information to the server node in order to learn the Hessian at the optimum. However, our
learning scheme supports compressed communication with arbitrary compression level. This level can
be chosen so that in each iteration, each node sends an equivalent of a few gradients to the server only.

4In fact, this was the first method we developed, in Summer 2020, when we embarked on the research which eventually lead
to the results presented in this paper.



That is, we can achieve O(d) communication complexity in each iteration. In both cases, we prove local
linear convergence for a carefully designed Lyapunov function, and local superlinear convergence for the
squared distance to optimum (see Theorems and. Remarkably, all these rates are independent of
the condition number. The NL1 and NL2 methods and the associated theory are described in Section [3]

e Third new method and its global convergence. Next, we equip our learning scheme with a
cubic regularization strategy |Griewank| 1981, [Nesterov and Polyakl 2006], which leads to a new
globally convergent method: CUBIC-NEWTON-LEARN (CNL). We establish global sublinear and linear
convergence (for function values) guarantees for convex and strongly convex problems, respectively.
The method can also achieve a fast local linear (for a Lyapunov function) and superlinear (for squared
distance to solution) convergence in the strongly convex case. We describe this method and the
associated theory in Section

e Experiments. Our theory is corroborated with numerical experiments showing the superiority of
our methods to several state-of-the-art benchmarks, including DCGD [Khirirat et al.l [2018], DIANA
[Mishchenko et al., 2019, Horvath et all [2019b], ADIANA [Li et al., [2020], BFGS Broyden| [1967],
Fletcher| [1970], |Goldfarb| [1970], |Shanno| [1970], and DINGO [Crane and Roosta}, 2019]. Our methods
can achieve communication complexity which is several orders of magnitude better than competing
methods (see Section [5)).

1.5 Related work

Several distributed Newton-type methods can be found in recent literature. DANE [Shamir et al., 2014]
is a distributed approximate Newton-type method where each worker node needs to solve a subproblem
using the full gradient at each iteration, and the new iterate is the average of these subproblem solutions.
The linear convergence of DANE was obtained in the strongly convex case. An inexact DANE method in
which the subproblem is solved approximately was proposed and studied by [Reddi et al.| [2016]. Moreover,
an accelerated version of inexact DANE, called AIDE, was proposed in [Reddi et all [2016] by a generic
acceleration scheme—catalyst [Lin et al. [2015]—and an optimal communication complexity can be obtained
up to logarithmic factors in specific settings. The DiSCO method, which combines inexact damped Newton
method and distributed preconditioned conjugate gradient method, was proposed by |Zhang and Xiao| [2015]
and analyzed for self-concordant empirical loss. GIANT [Wang et al.,|2018| is a globally improved approximate
Newton method which has a better linear convergence rate than first-order methods for quadratic functions,
and has local linear-quadratic convergence for strongly convex functions. GIANT and DANE are identical for
quadratic programming. The communication cost per iteration of the above methods is O(d). These methods
can only achieve linear convergence in the strongly convex case. The comparison of the iteration complexity
of the above methods for the ridge regression problem can be found in Table 2 of [Wang et al., 2018].

Crane and Roostal [2019] proposed a distributed Newton-type method called DINGO for solving invex
finite-sum problems. Invexity is a special case of non-convexity, which subsumes convexity as a sub-class. A
linear convergence rate was obtained for DINGO under certain assumptions using an Armijo-type line search,
and at each iteration, several communication rounds are needed assuming two communication rounds for
line-search per iteration. The communication cost for each communication round is O(d). The compressed
version of DINGO was studied in [Ghosh et al.,|2020] to reduce the communication cost at each communication
round by using the §-approximate compressor, and the same rate of convergence as DINGO can be obtained
by properly choosing the stepsize and hyper-parameters when § is a constant. [Zhang et al.| [2020] proposed
two decentralized distributed adaptive Newton methods, called DAN and DAN-LA. DAN combines the
distributed selective flooding (DSF) algorithm and Polyak’s adaptive Newton method [Polyak and Trembal,
2020|, and enters pure Newton method which has quadratic convergence after about %{HVP(JJO)H iterations,
where M is the Lipschitz constant of the Hessian of P and p is the strongly convex parameter of P. DAN-
LA, which leverages the low-rank approximation method to reduce the communication cost, has global
superlinear convergence. At each iteration, both DAN and DAN-LA need n — 1 communication rounds, and
the communication cost for each communication round is O(d?) and O(d) respectively.



Table 2: Comparison of distributed Newton-type methods. Our methods combine the best of both worlds,
and are the only methods we know about which do so: we obtain fast rates independent of the condition
number, and allow for O(d) communication per communication round.

Convergence . Rate Communication Network
Method independent of the cost
rate e . . structure
condition number? per iteration
DANE . .
|Shamir et al.LZO14] Linear X O(d) Centralized
|Zhang a]zldsgi(i)ao, 2015| Linear X O(d) Centralized
|Rcddié£2113 2016) Linear X O(d) Centralized
\WangG ;tA ST 2018| Linear X O(d) Centralized
DINGO . .
[Crane and Roostal [2019] Linear X O(d) Centralized
{Zhang ]ZtAelj., 2020) Local quadratic' v O(nd?) Decentralized
[Z}lanleelgI;%A2020| Superlinear v O(nd) Decentralized
NEtWh;I;Ox;SrLAR Local quadratic v O(d) Clesatimalimeg)
Mﬁk)l(;;\IEVVZIkON Local quadratic v O(d) Clartimaiiazal
NE?}ES&EEQRN Local superlinear v o(d) Centralized
CUBIC_t'\LEizVIVgINI;LEARN Superlinear v O(d) Centralized

T DAN converges globally, but the quadratic rate is introduced only after O(Ly/p?) steps, where Ly is the Lipschitz
constant of the Hessian of P, and p is the strong convexity parameter of P. This is a property it inherits from the recent
method of Polyak [Polyak and Tremba), [2019] this method is based on.

We compare the convergence rate and per-iteration communication cost with these Newton-type methods
in Table 2| Note that the first five methods in the table have rates that depend on the condition number
of the problem, and as such, do not have the benefits normally attributed to pure Newton’s method. Note
also that the two prior methods which do have rates independent of the condition number have high cost of
communication. Our methods combine the best of both worlds, and are the only methods we know about
which do so: we obtain fast rates independent of the condition number, and allow for O(d) communication
per communication round. We were able to achieve this by a complete redesign of how second order methods
should work in the distributed setting. Our methods are not simple extensions of existing schemes, and our
proofs use novel arguments and techniques.

2 Three Steps Towards an Efficient Distributed Newton Type
Method

In order to better explain the algorithms and results of this paper, we will proceed through several steps in a
gradual explanation of the ideas that ultimately lead to our methods. While this is not the process we used
to come up with our methods, in retrospect we believe that our methods and results will be understood more
easily when seen as having been arrived at in this way. In other words, we have constructed what we believe
is a plausible discovery story, one enabling faster and better comprehension. If these ideas seem to follow
naturally, it is because we made a conscious effort to make then appear that way. The goal of this paper
is to develop communication efficient variants of Newton’s method for solving the distributed optimization

problem (1)).



2.1 Naive distributed implementation of Newton’s method

Newton’s method applied to problem performs the iteration

= ok (V2PER) T v PEr) B ok (B () £ D) T vPEh). )

A naive way to implement this method in the parameter server framework is for each node 7 to compute
the Hessian H;(2*) and gradient V f;(2*) and to communicate these objects to the server. The server then
averages the local Hessians H; (") to produce H(z*) via (8), and averages the local gradients V f;(z*) to
produce V f(x*). The server then adds AI to the Hessian, producing H(z"*) + A\I = V2P(z*), adds A\z* to the
gradient, producing VP(z*) = V f(z*) + Az*, and subsequently performs the Newton step (9). The resulting
vector ¥t is then broadcasted to the nodes and the process is repeated.

This implementation mirrors the way GD and many other first order methods are implemented in the
parameter server framework. However, unlike in the case of GD, where only O(d) floats need to be sent and
received by each node in each iteration, the upstream communication in Newton’s method requires O(d?)
floats to be communicated by each worker to the server. Since d is typically very large, this is prohibitive in
practice. Moreover, computation of the Newton’s step by the parameter server is much more expensive than
simple averaging of the gradients performed by gradient type methods. However, in this paper we will not be
concerned with the cost of the Newton step itself, as we will assume the server is powerful enough and the
network connection is slow enough for this step not to be the main bottleneck of the iteration. Instead, we
assume that the communication steps in general, and the O(d?) communication of the Hessian matrices in
particular, is what forms the bottleneck. The O(d) per node communication cost of the local gradients is
negligible, and so is the O(d) broadcast of the updated model.

2.2 A better implementation taking advantage of the structure of H;;(x)

The above naive implementation can be improved in the setting when m < d? by taking advantage of the
explicit structure of the local Hessians as a conic combination of positive semidefinite rank one matrices:
Hi(z) = i i (2)ag a (10)
m e J
Indeed, assuming that the server has direct access to all the training data vectors a;; € R (these vectors can
be sent to the server at the start of the process), node i can send the m coefficients h;1(x), ..., him(z) to the
server instead, and the server is then able to reconstruct the Hessian matrix H;(z) from this information.
This way, each node sends O(m + d) floats to the server, which is a substantial improvement on the naive
implementation in the regime when m < d2. However, when m > d, the upstream communication cost is
still substantially larger than the O(d) cost of GD. If the server does not have enough memory to store all
vectors a;j;, this procedure does not work.

2.3 NEWTON-STAR: Newton’s method with a single Hessian

We now introduce a simple idea which, surprisingly, enables us to remove the need to iteratively communicate
any coefficients altogether. Assume, for the sake of argument, that we know the values h;;(z*) for all 4, j.
That is, assume the server has access to coefficients h;;(z*) for all 4, j, and that each node ¢ has access to
coefficients h;;(z*) for j =1,...,m, i.e., to the vector

hi(z) = (hir(2), ..., him(2)) € R™ (11)

for x = x*. Next, consider the following new Newton-like method which we call NEWTON-STAR (NS), where
the “star” points to the method’s reliance on the knowledge of the optimal solution x*:

mk+1 _ xk—(VQP(x*)) VP( ). k (H( )"'/\I ( vaz +>\$> (12)



Since the server knows H(x*), all that the nodes need to communicate are the local gradients V f;(z*),
which costs O(d) per node. The server then computes z**!, broadcasts it back to the nodes, and the process
is repeated. This method has the same per-iteration O(d) communication complexity as GD. However, as we
show next, the number of iterations (which is the same as the number of communications) of NEWTON-STAR
does not depend on the condition number — a property it borrows from the classical Newton’s method. The
following theorem says that NEWTON-STAR enjoys local quadratic convergence.

Theorem 2.1 (Local quadratic convergence). Let Assumption hold, and assume that H(z*) »= p*I for
some p* >0 (for instance, this holds if f is p*-strongly convex) and that p* + X\ > 0. Then for any starting
point 20 € R?, the iterates of NEWTON-STAR for solving problem satisfy the following inequality:

k+1 * v 3 k * (12
2" —a™|| < W) anZII%II " =27 (13)

i=1 j=1

P 7”00f. By the first order optimality conditions, we have

Vf(z*) 4+ Xz* =0. (14)
Let Hy := H(z*). Since Hy > p*I, we have H, + AI > (u* + A)I, and hence
1
H. + I H 15
It N R (15)

Using (14) and (15 and subsequently applying Jensen’s inequality to the function = +— ||z||, we get

et =zt = et e = (4 DT VPR
H(H* +AD~! [(H* +AI) (2% —2*) — (Vf(x’“) ~Vf(z*) + A" _I))N
(15) . . . )
< N*+)\‘H*+/\I)(x —a*) = (V") = V")) = Mk —a)
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We now use the fundamental theorem of calculus to express difference of gradients V f;; (xzF) — Vfij(z*) in an integral,
obtaining

th (z* a”a”(x —x*)—;Z(Vfij(xk)_vfij(x*))H- (16)

Jj=1 j=1

Y fij k) - Vi / V2 fii (@ + 7(z* — 27))(@® — a*)dr. (17)

Plugging this representation into (L) and noting that V2 f;;(z) = H;;(x) (see .), we can continue:

n m
okt g OO mz_g %Z( (@ asal (* -« )7/ Hyj (2" + (2 — %)) (@* — 2 )dT) ‘
n m 1
@ m %Z ( ij (@™ a”a”(xk —x )—/0 hij(z™ +T(Ik —z"))aija ;(xk —x*)d*r) ‘
i=1 =1

In the last step we have again used Jensen’s inequality applied to the function z — ||z||, followed by inequalities of the form
||Aijztij|| < HA”” ||CC|| ‘tij| for Aij = aija;;-, x =% — z* and tij € R.

I
3
T
+
=
'M

% iaijajj(xk —a") (hij(fc*) - /01 hij(a* +7(zF — :C*))dq—)

T — X b *
= ”mﬁanZnamu [ sy = gt (e = ]

1=1j5=1

(18)




From @ we obtain |h;;(z*) — hi;(z* + 7(z* — 2*))| < v7llasj]| - ||z* — x*||, which implies that

1 * * * 1 * vilaij *
[ i) = gt e = et ar] < [ orla - et - atllar = 5ot -,
0 0

Plugging this into , we finally arrive at . L]

Note that we do not need to assume f to be convex or strongly convex. All we need to assume is positive
definiteness of the Hessian at the optimum. This implies local strong convexity, and since our convergence
result is local, that is all we need.

Remark. Besides NEWTON-STAR, we have designed another new Newton-type method with a local
quadratic rate. This method, which we call MAX-NEWTON, is similar to NEWTON-STAR in that it relies on
the knowledge of the coefficients h;;(z*) for j = 1,...,m. We describe this method in Appendix @

3 NEWTON-LEARN: Learning the Hessian and Local Convergence
Theory

In Sections [2.1] 2:2] and 23] we have gone through three steps in our story, with the first true innovation and
contribution of this paper being the NEWTON-STAR method and its rate. We have now sufficiently prepared
the ground to motivate our first key contribution: the NEWTON-LEARN method. We only outline the basic
insights behind this method here; the details are included in Section
3.1 The main iteration
In NEWTON-LEARN we maintain a sequence of vectors

hf: = (hfh AR} hfm) € Rmv

for all i = 1,...,n throughout the iterations k > 0 with the goal of learning the values h;;(z*) for all 4, j.
That is, we construct the sequence with the explicit intention to enforce

hE = i (x* as k — oo. 19
1] J

Using hfj ~ h;j(z*) we estimate the Hessian H(z*) via

1 n m
£\ o k. kT
H(z*)~ H" := —_ Z Z hijaija;;, (20)
=1 j=1
and then perform a similar iteration to ((12)):
2 = 2F — (HF 4+ M) VP(). (21)

3.2 Learning the coefficients: the idea

To complete the description of the method, we need to explain how the vectors hf“ are updated. This is
also the place where we can force the method to be communication efficient. Indeed, if we can design a rule
that would enforce the update vectors hf“ — hf to be sparse, say

A = hfllo < s (22)

for some 1 < s < m and all ¢ and k, then the upstream communication by each node in each iteration
would be of the order O(s + d) only (provided the server has access to all vectors a,;)! That is, each node
1 only needs to communicate s entries of the update vector hf“ — hf as the rest are equal to zero, and
each node also needs to communicate the d dimensional gradient Vf;(z¥). Note that O(s + d) can be
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interpreted as an interpolation of the O(m+ d) per-iteration communication complexity of the structure-aware
implementation of Newton’s method from Section and of the O(d) per-iteration communication complexity
of NEWTON-STAR described in Section

In the more realistic regime when the server does not have access to the data {a;;}, we ask each worker ¢
to additionally send the corresponding s vectors a;;, which costs extra O(sd) in communication per node.
However, when s = O(1), this is the same per-iteration communication effort as that of GD.

We develop two different update rules defining the evolution of the vectors h¥,... hE. This first rule (see
(25)) applies to the A > 0 case and leads to our first variant of NEWTON-LEARN which we call NL1 (see
Algorithm . This rule and the method are described in Section The second rule applies also to the
A = 0 cases and leads to our second variant of NEWTON-LEARN which we call NL2 (see Algorithm . This
rule and the method are described in Section [B.6

3.3 Outline of fast local convergence theory

We show in Theorem (covering NL1) and Theorem (covering NL2) that NEWTON-LEARN enjoys a
local linear rate wrt a certain Lyapunov function which involves the term ||z* — 2*||? and also all terms of
the form ||h¥ — h;(z*)||?. This means that i) the main iteration works, i.e., ¥ converges to z* at a
local linear rate, and that ii) the learning procedure works, and the desired convergence described in
occurs at a local linear rate. In addition, we also establish a local superlinear rate of ||z¥ — z*||2. Remarkably,
these rates are independent of any condition number, which is in sharp contrast with virtually all results on
distributed Newton-type methods we are aware of.

Moreover, we wish to remark that second order methods are not typically analyzed using a Lyapunov
style analysis. Indeed, we only know of a couple works that do so. First, Kovalev et al. [2019] develop
stochastic Newton and cubic Newton methods of a different structure and scope from ours. They do not
consider distributed optimization nor communication compression. Second, Kovalev et al.|[2020] develop a
stochastic BFGS method. Again, their method and scope is very different from ours. Hence, our analysis
may be of independent interest as it adds to the arsenal of theoretical tools which could be used in a more
precise analysis of other second order methods.

3.4 Compressed learning

Instead of merely relying on sparse updates for the vectors hf (see (22)), we provide a more general
communication compression strategy which includes sparsification as a special case [Alistarh et al., |2017].
We do so via the use of a random compression operator. We say that a randomized map C : R™ — R™ is a
compression operator (compressor) if there exists a constant w > 0 such that the following relations hold for
all x € R™:

EC(z)] = = (23)
Elc(@)|* < (w+1)z|> (24)

The identity compressor C(x) = x satisfies these relations with w = 0. The larger the variance parameter w is
allowed to be, the easier it can be to construct a compressor C for which the value C(z) can be encoded using
a small number of bits only. We refer the reader to [Beznosikov et al. [2020] for a list of several compressors
and their properties.

3.5 NL1 (learning in the A > 0 case)

We now consider the case where all loss functions ¢;; are convex and A > 0.

Assumption 3.1. Each ¢;; is convex, A > 0.

When combined with Assumption Assumption implies that »;;(t) > 0 for all ¢, hence h;;(z) =
ofi(af ©) > 0 for all 2 € RY. In particular, h;;(z*) > 0 for all 4, j. Since we wish to construct a sequence of

11



vectors hY = (k... bk ) € R™ satisfying h — hi;(2*), it makes sense to try to enforce all vectors in this
sequence to have nonnegatwe entries:
hy; > 0.
Since H* arises as a linear combination of the rank-one matrices al-jaiTj (see (20)), this makes H”
positive semidefinite, which in turn means that the matrix H* 4+ AI appearing in the main iteration of

NEWTON-LEARN is invertible, and hence the iteration is well defined[]

3.5.1 The learning iteration and the NL1 algorithm

In particular, in NEWTON-LEARN each node i computes the vector h;(z*) € R™ of second derivatives defined
in , and then performs the update

Wyt = [hf +nCf (ha(2®) = b)), (25)

where 77 > 0 is a learning rate, C¥ is a freshly sampled compressor by node i at iteration k. By [-]; we denote
the positive part function applied element-wise, defined for scalars as follows: [¢t]y =¢if ¢ > 0 and [t]y =0
otherwise.

We remark that it is possible to interpret the learning procedure as one step of projected stochastic
gradient descent (SGD) applied to a certain quadratic optimization problem whose unique solution is the
vector h;(zF).

The NL1 algorithm (Algorithm |1)) arises as the combination of the Newton-like update (21f) (adjusted
to take account of the explicit regularizer) and the learning procedure . It is easy to see that the
update rule for H* in NL1 is designed to ensure that H* remains of the form H* = 1 Z? 1 H’“7 where
Hf = % Z hk a” . The update rule for 2*, performed by the server, is identical to , with an extra
provision for the regulamzer. The vector 251 is broadcasted to all workers. Let us comment on how the key
communication step is implemented. If the server does not have direct access to the training data vectors
{ai;}, we choose Option 1, otherwise we choose Option 2. A key property of NL1 is that the server is able
to maintain copies of the learning vectors h¥ without the need for these vectors to be communicated by the
workers to the server. Indeed, provided the workers and the server agree on the same set of initial vectors
Ry, ..., hY update can be independently computed by the server as well from its memory state h¥ and
the compressed message CF(h;(z*) — h¥) received from node i. This strategy is reminiscent of the way the
key step in the first-order method DIANA [Mishchenko et al.| [2019] [Horvath et al., [2019b] is executed. In
this sense, NL1 can be seen as arising from a successful marriage of Newton’s method and the DIANA trick.

3.5.2 Theory

In our theoretical results we rely on the Lyapunov function

1
O 1= ||zt — |+ o W, Z 1R = ha(a™)|*.

3mnnr? R?

Our main theorem follows.

Theorem 3.2 (Convergence of NL1). Let Assumptions and 1| hold. Letn < +1 and assume that

|k — 2|2 < 12V2R0 for all k > 0. Then for Algomthm we have the inequalities

E[®}] < 67el,

e a2 (1) RS
e[| < (o) et

N

5Positive definiteness of Hessian estimates is enforced in several popular quasi-Newton methods as well; for instance, in the
BFGS method [Broyden| [1967], [Fletcher| [1970|, |Goldfarb| [1970], |Shanno| [1970]. However, quasi-Newton methods operate in a
markedly different manner, and the way in which positive definiteness is enforced there is also different.
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Algorithm 1 NL1: NEWTON-LEARN (A > 0 case)
Parameters: learning rate n > 0

Initialization: z° € R%; Ry, ..., h0 € R7; H° = %

m

0, T cRdxd
2. hijaija;; € R
1j=1

s

?

for k=0,1,2,... do

Broadcast z* to all workers

for each node i =1,...,n do
Compute local gradient V f;(z*)
Wt = [ 4 nCF(hi(2") — hE)]4
Send V fi(x*) and CF(h;(x*) — hF) to server
Option 1: Send {a;; : hffl — hfj # 0} to server
Option 2: Do nothing if server knows {a;; : Vj}

end for

gkt =gk — (HY + )\I)fl (i > Vfila®) + )\xk)
i=1

HED = HF + LS S (BB — 1k )aya]

i

Il
-
<.
Il
_

end for

n 5

where 01 := 1 —min{§7§ .

Since the stepsize bound 7 < %4-1 is independent of the condition number, the linear convergence rates
k41_ %2
of E[®}] and E [HTTMT“E”!} are both independent of the condition number. Next, we explore under what

conditions we can guarantee for all the iterates to stay in a small neighborhood.

Lemma 3.3. Let Assumptions and|3.1 hold. Assume hY; is a convex combination of {hi;(x°), hij(x'), ..., hij(z*)}

for alli,j and k. Assume ||2° — z*|* < %. Then

2
lz* — ™) <

< 19,206 forall k>0.

It is easy to verify that if we choose h?j = hi;(2%) and use the random sparsification compressor and
n < %—H’ then hfj is always a convex combination of {h;;(z°), hi;(z'), ..., hij(x*)} for k > 0. Thus, from
Lemma we can guarantee that all the iterates stay in the small neighborhood assumed in Theorem as

long as the initial point z° is in it.
3.6 NL2 (learning in the A > 0 case)

In this subsection, we consider the case where P is u-strongly convex. Note that we do not require the
components f;; to be convex.

Assumption 3.4. P is u-strongly conver, |hfj| <~ fork>0.

3.6.1 The learning iteration and the NL2 algorithm

As in Algorithm [1} we use a sequence of vectors {h¥};>o to learn h;(z*). However, this time we rely on
a different technique for enforcing positive definiteness of the Hessian estimator. Since A can be zero, our
previous technique aimed at forcing the coefficients hfj to be nonnegative will not work. So, we give up on
this, and instead of we use the simpler update

it = hf 4 nCl (hi(2") — hE). (26)
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Algorithm 2 NL2: NEWTON-LEARN (general case)
Parameters: 7> 0; v >0

n m
Initialization: 2° € R?; hY € R7; A = L 21 > (R + 27y)aija; € R4
i=15=1

for k=0,1,2,... do
broadcast z* to all workers
for i=1,....,ndo
Compute local gradient V f;(z*)
hi ™t = hf 4+ nCF(hy(2*) — )
hij(a*)+2y
h§j+2’y
Send V fi(x*), p¥, and nCF(h;(z*) — h¥) to server
Option 1: Send {a;; : hffl — hfj # 0} to server
Option 2: Do nothing if server knows {a,; : Vj}
end for

Bk = maxi{ﬁf}
k _ ﬂkAk _ 2,}/ 1

nm

Bf = maxje [m]

m
> aija; € R
j=1

-

Il
,_.»—t

aFtl =gk — Hk+)\I (:LEVfZ +/\:r)

1
AT = AP 4 L 21 Z(??C’“ hi(x*) = hY))jaia;;
i=1j=
end for

In order to guarantee positive definiteness of the Hessian estimator H* 4+ AI we instead rely on the second

part of Assumption Provided that there exists v > 0 such that |h};| <~ for all ¢, j, note that hjh(,fim
ij

is always positive. Noticing that each aija;rj is positive semidefinite and that V2f(z*) can be expressed in

the form
m
N2y ol
sz( LR 2 ) ol

k. . hij(z")+2y . .
for B% := max; ; ThEiay we get the inequality
nmzz Bk +27 _2'7]‘1” ij - V2( nmzz p* - ”hkT (hk+2'y)ama =0,
=1 j=1 i=1 j=1

where 0 is the d x d zero matrix, and A = B means A — B is positive semidefinite. Thus, if we can maintain
the Hessian estimator in the form

1 o
Y =SS R 4+ 29) - 2] aggal),

then H* + \I = V2f(2*) + M = V2P(2*) = ulI, where the last inequality follows from Assumption To
achieve this goal, we use an auxiliary matrix A*, and maintain A* = nin S ( ; +27)aija;;, and

b= prFAR —2y. LS > aija;;. The rest of Algorithm [2[is the same as Algorlthm
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3.6.2 Theory

Our analysis of NL2 relies on the Lyapunov function

" 1
o5 = [|lz* —2*|* + mﬂkv Z 1B — ha(z")||?.

We now present our main convergence result for NL2.

Theorem 3.5 (Convergence of NL2). Let Assumptwns and 4| hold. Assume n < — 1 and ||z* — 2¥||? <
e for all k > 0. Then for Algorithm |4 we have the inequalities

W
E[®5] < 0595,
E P'TTZZI—_xfﬁ!z] < 0% 3mnn + 1) 72':;R6<I>3,
where 65 := 1 — min g,% .

As before, we give sufficient conditions guaranteeing that the iterates stay in a small neighborhood of the
optimum.

Lemma 3.6. Let Assumptwnsl and. 3.4\ hold. Assume hf; is a convex combination of {hi;(x°), hij(2'), ..., hij(z*)}

for alli,j and k. Assume ||2° — 2*||* < sy - Then

2

- 1
||.’:Ck — ||2 < m fOT all k 2 0.

If we choose h?j = hyj (2°), use a random compressor with variance w, and choose stepsize n < %—H’
then hk- is a convex combination of {h;;(z%), hj(z1), ..., hij(x*)} for all k > 0. Thus, via Lemma W we can
guarantee all the iterates to be in the small nelghborhood required by Theorem (3.5 - as long as the initial

point 20 is in it.

4 CUBIC-NEWTON-LEARN: Global Convergence Theory via Cubic
Regularization

In this section, we develop the CUBIC-NEWTON-LEARN method which can obtain global convergence and
superlinear convergence. We make the following assumption throughout this section.

Assumption 4.1. Assume |h | < fork >0, and ||a;;|| < R for alli,j. Assume Ry := sup,cpaf|lz —2*| :
P(z) < P(2%)} < +o0.

Recall that H(z) is the Hessian of f at point z. For any z,y € R?, we have

11
n2m

m

T

[H(z) — H(y)]| hij (@) = hij(y))aija;;

=1 j=1
1en 1 &
< =3 = llag P (@) — i ()]
=1 j=1
B 1&1 &
< S>> valfle -l < vz -yl
i=1 j=1

Let M := vR3. Then f has M-Lipschitz continuous Hessian, and so does P.
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4.1 CNL: the algorithm

At a high level, our CNL method (Algorithm [3)) can be seen as the “combination” of Algorithm [2| (NL2)
and the cubic Newton method of |Griewank] [1981], Nesterov and Polyak| [2006]. We use the same learning
procedure for h¥, and the same construction for obtaining a Hessian estimator H” for f as those used in
Algorithm I In particular, since |h | <+, same as Algorithm l we have

ZZ i +27)ai;a za

=1 j=1
and
+2’yl
Hk:nli? +2’y nZ Z § + 27)aijag — 2y *Z Z%%>V2f( ).
=1 J=1
Thus, H* + A\I = V2f(2F) + A\I = V2P(z* ) If we let
1 m
k._ gk k
H =3 mjzl(h +2'y)am ag; —2v- —Zam iy

then H* = 1 3" 'HY. Since P has M-Lipschitz continuous Hessian, we have
P(z* +5) < P(z*) + T(aF, s), for all z € RY,
where
T(2F,s) == (Vf(®) + A2k, s) + %((H’C + A)s, s) + %HSH3
Finally, the search direction s* is obtained by minimizing T'(z*,s). This subproblem can be solved by

computing the eigenvalue decomposition and then solving a one-dimensional nonlinear equation [Hanzely
et al.l 2020} |Gould et all |2010]. The details can be found in Section

4.2 Global convergence

The proof of global convergence of CUBIC-NEWTON-LEARN was inspired by that in the stochastic subspace
cubic Newton method of [Hanzely et al|[2020]. First, we need the following technical lemma, which show the
progress for each step of Algorithm

Lemma 4.2. Let Assumption and Assumption hold. Then for all k > 0 and any y € R?, we have
: M
P(ah) < P(y) + 9B ly —2%(” + = lly — =",

We first consider the general convex case.

Theorem 4.3 (Global convergence of CNL: convex case). Let A55umptz'on and Assumptz'on hold and
further assume that P is convex. Then for all k > 0 we have

2 p2 3 0y _ *

In particular,

2 p2 «\\ 1/
o (me R (MR (P(azo)—P(sc )) 3) L PN Pt <e

€ € € -

In the strongly convex case, we have the following linear convergence result.

Theorem 4.4 (Global convergence of CNL: strongly convex case). Let Assumption and Assumption
hold and assume that P is p-strongly convex. Then

k= o<<7f2+ ]‘T””Jrl)log(w)) =  PE")-P@')<e

€
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Algorithm 3 CNL: CUBIC-NEWTON-LEARN
Parameters: n > 0; v >0

n m
Initialization: 2° € R 1Y € R™; A = L Zl Zl( + 27)aija; € R4
1=19y=

for k=0,1,2,... do
broadcast z* to all workers
for i=1,...,ndo
Compute local gradient V f;(z*)
Update the vector of coefficients h¥1 = h¥ 4+ nCF(h;(z*) — h¥)

?
k _ ) hij(2*)+2y
Bif = max;e[m) hE 2y

Send V fi(x*), p¥, and CF(h;(z*) — h¥) to server
Option 1: Send {a;; : hfj‘l — hj; # 0} to server
Option 2: Do nothing if server knows {a;; : Vj}

end for
gk = maxi{ﬂf}
k= gkAk 'LZZGG c Raxd

nm
1=17=1
k

sk = argmin eraT (2%, s
k= ok + sk
ARl = o 21 Z(??C'“( i(@*) = hf))jaija;
i=1j=
end for

4.3 Superlinear convergence

Let us define the Lyapunov function

" 4
of = [l —2*|* + mﬂkv Z 1B = ha(z")||?.

We now show that this Lyapunov function converges locally linearly, and that the squared distance to the
optimum converges locally superlinearly. Both rates are independent of any condition number. Note that this
also means that our learning procedure works, i.e., the estimates h¥ converge to the values h;(z*), which also
means that H¥ — H(z*).

Theorem 4.5 (Local superlinear convergecne of CNL: strongly convex case). Let Assumption and
Assumption hold. Assume P is u-strongly convex, and that ||z% — x*||? < for all k > 0. Then
m |3

— 432mm/2R(’
for Algorith we have the relations
B0} < ooy
||oF+t — a?*||2} & 10002R®
ElX—F——| < 058mnn+1) ———o3,
= s ) =

where 3 := 1 —min{g,% .

Theorem Theorem and the fact that §||z — 2*||* < P(x) — P(z*) when P is p-strongly convex,
imply the following corollary.

Corollary 4.6. Let Assumption[I.1) and Assumption[4.1] hold. Assume P is p-strongly convex. Then

. e
1 E|l—— | =0.
M [|xk—xw2



5 Experiments

We now study the empirical performance of our second order methods NL1, NL2 and CNL, and compare them
with relevant benchmarks and with state-of-the-art methods. We test on the regularized logistic regression
problem

ind—Y —) log(l —bija;; Zlx)® p,

where {a;j, bij} je[m) are data samples at the i-th node.

5.1 Data sets and parameter settings

In our experiments we use five standard datasets from the LIBSVM library: a2a, a7a, a9a, w8a and phishing.
Besides, we generated an artificial dataset artificial as follows: each of the d elements of the data vector
a;j € R? was sampled from the normal distribution A(10,10). The corresponding label b;; was sampled
uniformly at random from {—1,1}. We partitioned each dataset across several nodes (selection of n) in order
to capture a variety of scenarios. See Table [3| for more details on all the datasets and the choice of n.

In all experiments we use the theoretical parameters (e.g., stepsizes) for all the three algorithms: vanilla
Distributed Compressed Gradient Descent (DCGD) [Khirirat et al., 2018], DIANA [Mishchenko et al., 2019|,
and ADIANA [Li et al., [2020].

Table 3: Data sets used in the experiments, and the number of worker nodes n used in each case.

Data set ‘ # workers n ‘ # data points (= nm) ‘ # features d ‘

a2a 15 2 265 123
a7a 100 16 100 123
a%a 80 32 560 123
wa 142 49 700 300
phishing 100 11 000 68
artificial 100 1 000 200

As the initial approximation of the Hessian in BFGS [Broyden), {1967, [Fletcher| 1970} |Goldfarbl (1970,
Shanno, 1970], we use H? = V2P(20), and the stepsize is 1. We set the same constants in DINGO |Crane
and Roosta, 2019] as they did: § = 107%,¢ = 107%, p = 107, and use backtracking line search for DINGO
to select the largest stepsize in {1,271,272,274 ... 2719} We conduct experiments for three values of
the regularization parameter A: 1072,10=%, 107°. In the figures we plot the relation of the optimality gap
P(2%) — P(2*) and the number of accumulated transmitted bits or th number of iterations. The optimal
value P(z*) in each case is the function value at the 20-th iterate of standard Newton’s method. In all plots,
“communicated bits” refers to the total number of bits that all nodes send to the server. We adopt the realistic
setting where the server does not have access to the local data (Option 1).

5.2 Compression operators

For the first order methods we use three compression operators: random sparsification |Stich et al. |2018],
random dithering [Alistarh et al., |2017], and natural compression [Horvéth et al., [2019a] (all defined below).
For random-r sparsification, the number of communicated bits per iteration is 327 + log, (‘:), and we choose

r = d/4. For random dithering, we choose s = V/d, which means the number of communicated bits per
iteration is 2.8d + 32. For natural compression, the number of communicated bits per iteration is 9d bits.
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For NL1 and NL2 we use the random-r sparsification operator with a selection of values of r. For CNL we
use the random sparsification operator C, (with p = 1/20) induced by the random-r compressor with r = 1.
This compressor is also defined below.

5.2.1 Random sparsification

The random sparsification compressor [Stich et all [2018], denoted random-r, is a randomized mapping
C:R™ — R defined as m
Clx):=— -€ox
r

where £ € R™ is a random vector distributed uniformly at random on the discrete set {y € {0,1}"™ : |lyllo = 7},
where |lyllo := {i | ¥; # 0} and o is the Hadamard product. The variance parameter associate with this
compressor is w = 7 — 1.

5.2.2 Random dithering

The random dithering compressor |Alistarh et al., 2017, Horvath et al.l |2019b] with s levels is defined via

C(a) i=sign(e) -l -~ &,

where ||zl := (32, |xi\q)1/q and £ € R™ is a random vector with i-th element defined as

[l

, I+1 with probability Zls —1
§s(i) = . B .
l otherwise

leﬁlq € [L, ] and s € N denotes the levels of the rounding. The variance parameter of

s’ s
this compressor is w < 2 + M [Horvath et all, 2019b]. For ¢ = 2, one can get the improved bound
w < min{ 2, ¥} [Alistarh et all, [2017].

§2)

Here, [ satisfies

5.2.3 Natural compression

The natural compression [Horvéth et al., 2019a] operator Cnat : R™ — R is obtained by applying the random
mapping C : R — R, defined next, to each coordinate of = independently. We define C(0) = 0 and for ¢ # 0,
we let
olloga [t]] —t]

TTog 7]

Ct) = sign(t) - 2lo82 Il with probability — p(t) :=
. sign(t) - 2M°82 [T with probability 1 — p(t)

The variance parameter of natural compression is w = %.
5.2.4 Bernoulli compressor

A variant of any compression operator C : R”™ — R can be constructed as follows:

Lle(x)  with probability p
=d
Cp(w) : { 0 otherwise ' (27)

where p € (0,1] is a probability parameter. It is easy to verify that C, is still a compression operator with

variance parameter wy, := “’T“ — 1, where w is the variance parameter of the underlying compressor C.
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5.3 Behavior of NL1 and NL2

Before we compare our methods NL1 and NL2 with competing baselines, we investigate how is their performance
affected by the choice of the sparsification parameter r defining the random-r sparsification operator C.
Likewise, we vary the probability parameter p defining the induced Bernoulli compressor Cy,.

According to the results summarized in Figure [ the best performance of NL1 is obtained for r = 1 and
p = 1. However, for NL2 these parameters are r = 1 and p = 1/20. We will use these parameter settings
for NL1 and NL2 in our subsequent experiments where we compare our methods with several baselines and
state-of-the-art methods.

10°
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10°

Plak) - P

10

1072
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27 21 27T 5% 2 77 27T 27 0% 7
communicated bits communicated bits communicated bits communicated bits
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Figure 1: Performance of NL1 (first row) and NL2 (second row) across a few values of r defining the random-r
compressor, and a few values of p defining the induced Bernoulli compressor C,,.

5.4 Comparison of NL1 and NL2 with Newton’s method

In our next experiment we compare NL1 and NL2 using different values of r for random-r compression, with
Newton’s method; see Figure [2l We clearly see that Newton’s method performs better than NL1 and NL2 in
terms of iteration complexity, as expected. However, our methods have better communication efficiency than
Newton’s method, by several orders of magnitude. Moreover, we see that the smaller 7 is, the better NL1 and
NL2 perform in terms of communication complexity. In Figure [3] we perform a similar comparison for several
more datasets, but focus on communication complexity only. The conclusions are unchanged: our methods
NL1 and NL2 have superior performance.

5.5 Comparison of NL1 and NL2 with BFGS

In our next test, we compare NL1 and NL2 with BFGS in Figure @l As we can see, our methods have better
communication efficiency than BFGS, by several orders of magnitude.

5.6 Comparison of NL1 and NL2 with ADIANA

Next, we compare NL1 and NL2 with ADIANA using three different compression operators:
natural compression (DIANA-NC), random sparsification (DIANA-RS, r = d/4) and random dithering
(DIANA-RD, s = V/d); see Figure Based on the experimental results, we can conclude that NL1
outperforms all three versions ADIANA for all types of compression, often by several degrees of magnitude.
The same is true for NL2, with the exception of Figure [5[ (c) (w8a dataset) where two variants of ADIANA
are faster.
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Figure 2: Comparison of NL1 and NL2 with Newton’s method in terms of iteration complexity for (a), (c); in
terms of communication complexity for (b), (d).
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Figure 3: Comparison of NL1, NL2 with Newton’s method in terms of communication complexity.

5.7 Comparison of NL1 and NL2 with DINGO

In our next experiment, we compare NL1 and NL2 with DINGO |[Crane and Roosta) [2019]. The results,
presented in Figure [0} show that our methods are more communication efficient than DINGO by many orders
of magnitude. This is true for all experiments with the exception of Figure |§| (¢), where DINGO is slightly
better than NL2.

5.8 Comparison of CNL with DCGD and DIANA

We now deploy our CUBIC-NEWTON-LEARN (CNL) method equipped with the random sparsification operator
Cp described in Section We compare CNL against DIANA [Mishchenko et al., 2019] and DCGD
2018], both in two variants: one using natural compression (NC) and one using random sparsification
(RS, r = d/4). In Figure EI we see that for A = 1073, CNL performs slightly better than the gradient-
type methods DIANA and DCGD. However, once the regularization parameter becomes small enough
(A =107%,107%), the increased condition number hurts the first-order methods, and CNL outperforms both
DCGD and DIANA significantly.
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Figure 4: Comparison of NL1, NL2 and BFGS in terms of communication complexity.
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Appendix

A Proofs for NL1 (Section |3.5)

Let Wk := (k... bk ak).

s Ny T

A.1 Lemma

We first establish a lemma.

Lemma A.1. Let §*:= 30 Y7 lai;||*. Forn < i and all k >0, we have

E [HM | WH] < (1— ) HF + 282 [ — a7

Proof. First, recall that

HE= >k = hua)| 28)
i=1
Since h;(z*) € R due to convexity of f;;, we have
2]+ = hi(a™)|* < & = ha(e®)[|*, forall @z eR™ (29)
Then as long as n < +1, we have
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Using the stepsize restriction 1 < %“1’17 we can bound n?(w + 1) < n. Plugging this back in , we get

E[HE WE < 140 (hi(a®) — B ha(aF) + BE = 2h(2))
=1

= H 0y (@) = ha@)|* = 0t = i)

2
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A.2 Proof of Theorem [3.2]
It is easy to see that
1 — 1 —
kE_ k k_ k T
H =~ ZH H; = — Zhijaijaij. (31)
i=1 j=1
By the first order necessary optimality conditions, we have
Vi) + A x* =VP(z*) =0. (32)
Furthermore, since we maintain H* = 0 for all k, we have Hf + I =~ AL, whence
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| )| < 5 (33)
Then we can write
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ED® LN~ LSS kg o (kg () -V F (2 34
= ﬁz %Z[ ijaljaij(m —z") = (Vfi(z") = Vfi;(z ))] ) (34)
i=1 j=1
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where the last step follows from applying Jensen’s inequality to he convex function z — ||z||.
We can now express the difference of the gradients in integral form via the fundamental theorem of
calculus, obtaining

1
V fij (@) =V fij (@¥) /O H;(z* 4 7(z" — 2%))(a¥ — 2*) dr

£)

1
/ hij(x™ + r(z* — x*))aija:j (zF — 2*) dr.
0

We can plug this back into , which gives

. 1 1| & . ! .
||x/l€Jr1 —x H < HZE Z <hfjaijajj(zk —x )7/0 hij(x* +7’(9:k —x ))aijajj(mk —x )dT)

i=1 j=1

A

1 1 o * ! * *
= — Z p- ZaijaiTj(xk — ") <hfj —/0 hij(x* +7(2F — ))dr)
; =

< ||xk7x*||iii”a”2 /1h’?__h--(x*+7'($k_$*))d7' (35)
- A nm Y o 7 N
From (), we have
1
‘/ h hij(x *pr(af —x*))dr| < / |hfj—hij(x*+r(a:k—x*))|d7'
0
< \hfj hij( |+/ |h” — hij(z* —|—T(a: —z* |d7'
@© "
<R — by + / rllayl) - la* - o*ldr
oy, Vlaisll .
= |hf — hi(®)| + =2 |2 — 2. (36)

2

By squaring both sides of (35)), applying Jensen’s inequality to the function ¢ + t2 in the form
2
(Tin Do Zj tij> < ﬁ > Zj tfj, and plugging in the bound (36)), we get

ka+1_x*|’2 < ‘7 ZZ” il — hyj(x* + 7(2¥ — 2 )
i=1 j=1 0
< ka;fnzninié(amz | hij(z* + 7(2® — 2 d7>2
””k;”*”grjniinam (1~ o+ ot )’
S Zi oot (2 = o)+ L ok — o))
< TR LSt R (ot e+ S et - ).
i=1j=1
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In the last step we have used Young’s inequalityﬁ
Since R := max; j{||ai;||}, we can further bound

. 2R* . V2RO .
2t —2*|? < Wﬂkllxk — | + oz 2% — 2. (37)

2
Assume ||z¥ — 2*||? < 32575 for all k > 0. Then from 1} we have

ka-i-l B .T*||2 < 22 . 2R ’Hk n 22 . VQRGHl‘k _ x*”Q
— 1202R6 nmA2 1202 RS 2)2
1 k

1 k * (12
6nm1/2R2H + 24”33 -5

and by taking expectation, we have

1 1
E [lzF+1 — %12 k] < k2 yigk — 2,
[l = a2 W] < ot 4 ot =7 (33)

Next, Lemma, implies that

E [HM | WF] < (1 —n)H" + nmm? R? ka —z*|? (39)
Recall that @4 .= ||zF+1 — %2 + m%kﬂ. Combining and (39), we get
1
B [ WF =  E [l — 2412 | Wk E [45+1 | Wk
@k ¥ = a2 | W] o | W
1 n 1 1
= - (11— 7) k 4Lt ko ox)2
- 3nnmv2R? ( Tty [ (24 * 3> e =27l
)
< (1—min{g78}) ok = gk, (40)

By applying the tower property, we get

()
E[®/T] =E[E[@/T | WF]] 2 0. [®F] .

Unrolling the recursion, we get E [@’f] < 0%®Y, and the first claim is proved.
We further have E [||z* — 2*[|?] < 0f®? and E [H*] < 613nnmu?R?®). Assume z* # 2* for all k. Then
from , we have

ka-'_l — x*HQ 2R* sz + V?RS H k *||2
|zF —z*||2 — nmA? oxz 1T
and by taking expectation, we obtain
=+ — a2 R g PR
E[ 2k — 272 = mn}\zE[ 1+ N2 E [[la* — 2"]"]

IN

1\ v?RS

6(a+b)? < 2a? 4 2b2.
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A.3 Proof of Lemma [3.3

We prove this by induction. First, we have ||z° — z*||? <

120 2R6
all 7, j, we have

k k
= Zpthlj(xt)v with Zpt = 1a and Pt > 07
—0 —

which implies that

Zl\hk z*)|I? = >

IA I
= L]
NERINGE
- 119~
2 3
> —~
S Sa
= =
J H
>

S Sa
—~ <

B, 5
~— *
s N

i=1 j=1 t=0
n m k
< D> pellaglPllat — 2
i=1 j=1 t=0
Assumption E 9152 LI )\2
= VR DD n e
i=1 j=1 t=0
B mn?
N 12R%’
for k < K.
Combining the above inequality and , we arrive at
||$L’K+1 —.’E*HQ < 2||_7;K_1;*||2R4 i”hK h ||2 y2R6HxK_q;*H4
- mni2 2)2
2||z% — 2*||2R* mn)\Q V2RO || 2K — 2|
< .
- mn\2 12R4 272
QRGHJ?K _ $*||4
< - K %2 v
< 6||av x*° + IE
P S G A2\
- 6 1202RS 2)\2 1202 R6
)\2
< .
— 12v2RS
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B Proofs for NL2 (Section (3.6))

For H* := Y"1 | ||h¥ — hi(z*)||?, even though the update of h¥ in Algorithm [2[is slightly different from that
of Algorithm [T} we also have the following lemma. The proof is almost the same as that of Lemma [A-T] hence
we omit it.

Lemma B.1. Forn < +1, we have

E[Hk—&-l} < (1 N n)E [Hk] + mnnl/QRQE [”xk _ x*”z] s

for k>0.

B.1 Proof of Theorem [3.5|

First, we have

2" =] = fl® — 2" — (4 AD)THVf(2") + A2
= [\ + D)7 (H +AD (" —2%) = V(") = xah) ||

< I D ) = V) A

@ %I\H’“(x’“ ) — (V) — Vi)

< %Z”H” — ") = (Vfi(a") = V fi(z"))|

= ni Z% Z -|- 2v) — 2'y) aija;rj(xk —z%) — (Vfij(xk) — Vf”(x*)))
i=1 j=1

By using , we further get

n
@ 1 1
||:Ek+1 _ I*H =L @ Z S Z _|_ 2,7 aij ”( k_ ;E*) — 2’yaija;rj(;pk _ gg*)
=1

1 - * *
= — ) = Z —|—27 a;ja ”(zk—z )—Z'yaija;j(xk —z")

— | Hy@* + 7@ —29) (" — = )d7>

1
—/ hij(xz* + T(Ik — :c*))aijasz(xk - IE*)dT) H
0

1 «— 1 [|& & & Y hij(a* 4 7(xF — 2%)) + 2y
= — ) = Z S+ 2v)aa; (x —J:)(ﬁ —/0 ! hk—|—2y dr

IN

/1 hij(x* + T(.’Ek —z*)) + 2’yd7_
i + 2y ’

37||$ — 2| ¢ ZZ ||a”||

i=1 j=1
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where we use |hf;| < in the last inequality. Next, we estimate |3% — 1]:

hij(z*) — hE;

hi]'(l‘k) + 2’}/ _ 1‘

hfj + 2v hfj—|—27

1 * *

< ;|hij(fﬂk) — hij(z*) + hij(z*) — hij
1 k * 1 k *

< —lhig(@7) = hig (@) + =|hi; — hij ()|
v v

@ V||aij‘| k * 1 k *

< — 2" — ||+§\hij*hz’j(z -

(2¥
Let {i*, j*} = argmax; ; {%} Then we have

B =11 =

4,J

V”aij” k * 1 k * }
< maxq ———||z" — 2| + —|h;; — hij(z
{ S [ | 7\ 5 — hij (")
VR 1
< — o — ¥ + = max{|h}; — hi;(z")|}.
¥ v Y

For

1 hij(m*+'r(xkfa:*))+2'y .
Jo R 2y dr

1‘, we have

/1 hij(x* + T}S:ck —z*)) + 27d7’ 1
0 hij +2")/

_ /1 hij(z* + T(CL‘k —z*)) — hfj 0
0 h?j + 2y
- /1 hij(z* + T(xk —z*)) — hfj J
.
B 0 h'lfj + 2y
1 ! * * * *
< 5/0 (Jhij(@* + 7(a® — 2%)) = hgj(@*)| + |hf; — hij(2™)]) dT
® 1 . 1t .
LIl = )]+ = [ rvla) o - o ar
vy Y Jo

1 vlaill
7| i = haj (@) + o [ — 2]

Combining the two above inequalities, we can obtain

1 (% k _ %
ﬂ,_/ hijl@® + 7(ah —2%) +2y
0

k
hij+2'y
VR k % 1 k * 1 k * VHCLUH k *
< —||z" = 2¥|| + — max{|h;; — hii(x + —|hi; — hij(@™) | + ——||z" — 2
s = I+ 2 ma {[hij = hij (@)} S i = g (7)1 = I
2vR . 2 «
< Tt = ma{hl — by (),
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Thus, we have

n m * * 2
2 — | < 972)|2* — 2" » llaiilI* g /l hig(@* 4 7(@* —a*) +29
s i—1j=1 hi; + 2y
9% [la* — 2*|* =~ llaygll* (8VPR* Lo 8 k )2
S Tm XX (T I el — by
72||z* — z*||2R* N 7202 RS ||k — x|
< PP ity — g a2y + 2T (42
I 0 I
72||zF — 2|2 R & . 7202 RO|| 2% — a*||*
< TZIIh?—hi(x )?+ 2 )

i=1

where we use the convexity of z + ||z||? in the first inequality. From the definition of #*, we can write

72 k _ *2R4 722R6 k _ x4
||33k+1—1‘*H2 S ||$ 2$ ” /Hk_|_ 4 ||1‘2 € ” ) (43)
1Y 1Y
Assume ||z% — z*|2 < ”7226 for all £ > 0. Then from (43|, we have
432mnvr? R
”karl —55*H2 < .UJ2 . 72R47‘[k + :U‘Z . 721/2}%6”1‘1]C 755*”2
432mnv2RS 2 432mnur2 RS 12
1 1
Hk‘ k ok 27
6mnv2R? + 6mn”$ a
and by taking expectation, we have
1
E k+1_*2< E k E k_*2. 44
[t = "] € o [HY] + [ — 2| (4

Let ®% = ||2% —2*|2 + %RZH@ Combining and the evolution of H* in Lemma we arrive at

3Imnnv

1

E[q)12€+1] - E [”xk-i-l . x*HZ} + WB [Hk+1]
# _ ﬂ k i 1 k%2
3mnnv?R? (1 nt 2) B+ <6mn N 3) B [||x | ]

IN

(1 min{Z,é}) E [@}],

which implies that [E [fl)]ﬂ < (1 — min { 3, % )k ®J. Then we further have E [ka — x*||2] < (1 — min {g, %})k )

and E[H*] < (1 —min {Z, 3 )k 3mnnr?R2®Y. Assume xF # x* for all k. Then from (D we have

|[zF+l —2*|2  72R* 7202 RS .
k *[|2  — 2 Hk+ 2 Hl'k—fl,' ||2a
[ — || Iz p
and by taking expectation, we can get
|kt — z*||2 72R4 w1 T2U%RS B xn2
| = TEEpe PRt
Kk 2 6
o (n1 }) T20°R°
< (1—min< -, = Bmnn+ 1) —— 5.
( {2 2 pr
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B.2 Proof of Lemma [3.6]

2
s . . P 0 *1(12 I
We prove this by induction. First, we have ||2°—2*||* < jz5-E—ps

m holds for all £ < K. For k < K, since hfj is a convex combination of {h;;(z°), hi;(x1), ..., hij(z*)}

for all 4, j, we have

by the assumption. We assume ||z* —z*||? <

k k
h?j = Zpthij(xt), with Zpt =1, and p; >0,
t=0 t=0

which implies that

2

k
|y = hij(«*)[? = > pelhig (') = hij(2*))
=0
k
< > pelhij(at) = hij(a®)?
t=0
© b y
Y L
=0
Assumption3.4] k u2
g 2 p2 .
- v R ;pt 432mnv2 RS
_ o
432mnR*’

for k < K.
Combining the above inequality and , we arrive at

72|25 — x*||2R* 7202 RS || o — ¥ |4

||{)3K+1—.’L'*||2 S

max{|h/§ — hi;(z*) "} +
117]

12 12
< 72|25 — 2*||?R? _ u? 7202 RO || 2K — 2|4
- 12 432mnR* u?

1 7202 RO || 2K — 2*|*
< ||{EK _ :L'*||2 + ” > ”

6mn "

1 12 7202 RS 12 2
< . .
~ 6mn 432nv2RS 12 432mnuv2 RS

2

< 7” .
—  432mnuv2RS
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C Proofs for CNL (Section (4)

C.1 Solving the Subproblem

In CUBIC-NEWTON-LEARN, we need to minimize T'(z*, s) at each step. The optimality condition for this
subproblem is

M
VP(a*) + (H" + AD)s + 7!3” s=0. (45)
Let UTAU be the eigenvalue decomposition of H* + A\I. Then we can transform the above equality to
AUs + —— H ly = —UVP(zF).

Noticing that ||Us|| = ||s||, define y = Us, then we can get

M -
v=—-(a+Fwir)  vereh,
and by taking the norm, we arrive at

. (UVP@hﬁ
=2 ko ae

which is actually equivalent to a one-dimensional nonlinear equation. By solving this one-dimensional
nonlinear equation, we can get ||s|| = ||Us|| = ||y||, and then from (45]), we can obtain the solution

—1
<H’“+/\I+M| ”I> VP(z") = <Hk+AI+M|y||I) VP(z").

C.2 Proof of Lemma [4.2]

Since ¥t = 2% + ¥ from Lemma 1 in [Nesterov and Polyak, 2006|, we have

P < Pa¥) (V") + Ak, s) + %<<V2f(xk) +ADs", %) + J\g\ls’“llz”
< P@%+GU@M+AMJ%+%«Hh+uﬁhﬁyw%mﬂﬁ
= P(z%) 4 T(2", s%). (46)

Since T(z*, s%) = ming{T(«*, s)} < T(2*,0) = 0, we have P(z**1) < P(z*). From (46), we have

P@) < P(F)+T(", ")
- P(xk>+m1n{T< 5))
< P(*)+T(ab,y—a)
k k 1 k k k M k12
= PN+ (VP(b),y - a) + (Y + 2D - 25),y — %) + oy — o]

1 M
< P(a*) +(VP("),y —2*) + §<V2P(~”€k)(y —at),y —aF) + 5 v - *||?
1
+§HHk FAL= V2P(M)| - ly — 2|2
First, by Lemma 1 in |[Nesterov and Polyakl [2006], we can obtain

(VP@*),y —a%) 4 (V2P — %),y — ) < P(o) — P¥) + 2y — o)
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For |H* + \I — V2P(z%)||, we have
[HF + AT = V2P| = [H" = V2f(z")]|

i=1 """ j=1
I n 1 &
< Y= R BNl +21) = 2y — huy(a”)|
=1 j=1
R hij(z%) + 2y
< =) =) Rh+29| |8 - L ———.
- n;mgl [ +20] - |6 iy + 2
= j=
Since \hfj| <~ and |h;;(z*)| <, we have |th + 27| < 3v and % < 3 for any ¢,j. Thus we can get

IH” + A\ — V2P(2")|| < 18yR>.

Then we arrive at M
P(a"h) < P(y) + 9vRly — 2% + = [ly — "1,

C.3 Proof of Theorem (4.3

Recall that R, = sup,cga{llz — 2*|| : P(z) < P(2°)}. Since P(z*) < P(2°) for all k& > 0, we have
|z% — 2*|| < R, for k > 0. Let ¢ := k%, Cj, = Co + Zle c; with Cp = % for k£ > 1. Then we can obtain

k k 3
CkZCO-I—ZiQZCo—F/ .%'Qd.%':CO—I-%. (47)
i=1 0

Let o := é’;—i for k > 0. Then 1 — o}, = ij»l. We also have o, <1 since

2

max ———5 = 1.
£0 Co+ &

Choose y = ox* 4+ (1 — o1 )z*. Then by the convexity of P, we have

) Mo?
P! < onP@')+ (1 - on)Pa) + 99R° ot — a2 + =2 la* — 2|
2 3 3
kil ooy, Ok ook 2 12 (Ck+1> MR <0k+1>
< P(z™) + P(z") + 99vR°R; + ,
Cr+1 (@) Crt1 (@) + 9 Crt1 3 Crt1

which implies that

2 3 3
Ck+1[P(SUk+1) —P(l'*)] < Ck[P(iL‘k) _ P(I'*)] +9’YR2R2 Ch41 MR:c Chk+1

f’jck—i-l 3 CI%Jrl.
Hence,
k c? MR3 k 3
Ci[P(2*) — P(z*)] < Co[P(2°) — P(z*)] + 9yR*R? Z; — =" ; @
Notice that P i \ .
47|
;C— ;CU-ZF;)’LP’ <3;z<3k2a



k

7 Z ;6 < ok
~ CO + 323 = .

and

O
ENN R

k
=1
Therefore, we arrive at
1
P(z®) - P(z*) < o (Co[P(2°) — P(z*)] + 277 R*R2k* + BM R2k)
k
81yR?R?2  9MR3  4[P(2°) — P(z*)]
< ot 3 .

Then in order to guarantee P(x*) — P(z*) < ¢, we only need to let

2 P2 3 0y _ #\\ 1/3
kO(SlvRR$+ MRI+<P(x) P(x)) >

€ € €

C.4 Proof of Theorem [4.4]

Since P is p-strongly convex, we have &z —2*||* < P(x)
2 0 *

;(P(il7 ) — P(z")).

— P(z*), and thus

R}

IN

Combining the above inequality and Theorem [£.3] we can obtain

162vR?  18MR, 4
k * T 0 *
P(z") — P(z*) < ( ok + e +1€3).(P(x ) — P(z*))
If we let
162R* 1 18MR, 1 .4 _1
pk T 6 uk? T 6’ k3 — 6’
which is equivalent to
2
kzo<ﬂ?+ Aﬂa+{»
L

$(P(2%) — P(z*)). This means that we can reduce the residual

Mf + 1) iterations. Thus, we have P(z*) — P(z*) < € as long as

>k%(Pw%;P@w)>.

then we can obtain P(z%) — P(2*) <
P(z%) — P(a*) by half after O (7

2
M
k;:O((”R YL
po N

C.5 Proof of Theorem [4.5]

), from the optimality condition, we have

Since s* = argmin,gaT (2", s

.M
Vf(z®) + ¥ + (HY 4 AT)s* + 7||SkHSk =0,

which indicates that
M -1
ol = gk — (H’“ AL+ o kL _ xk||> (Vf(2F) + Az") . (48)
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Then we can obtain

bt — 2| = |2 -2 — (Hk + AL+ %kaﬂ - xk||>1 (V") + Aa*)
= | <Hk+/\1+]\24|:ck+1 o:k|>_1 (<Hk+/\1+ %Hxlﬁl ) (zF —2*) — Vf(a:k))\:ck> |
< ;H<Hk+>\l+]\jxk+l —mk”) (z% — %) = Vf(z*) — AP
& i HHk(xk —z*) = (Vf(z") = V(")) + %kaﬂ — 2| (z® — z¥) ‘
< %HHk(xk—x*)—(Vf(x) Vi |\+]‘W|xk—x*||.

Then same as the analysis in the proof of Theorem we can obtain

2 — 2| < 37||9U — 2| & ZZ ||am||

=1 j=1
M||zh+t — gk
2

/1 hij(x* + T(.’Ek —z*)) + 2'yd7_
iy + 2y

—z".
Combing the above inequality and yields

n 2

9 _ex]2 '
kajtlix*”z < (1+3) Y ||9€ z*|| Zzllagll

/1 hij(x* + 7'(:5’C —z*)) + 2’ydT

k
i=1 j=1 h +2’7
M2kl — k2
_|_(1 + 3) H 4u2 || ka _ CL'*||2
ED 1242 ||$ - ¢ lai;||* (8v°R? . 8 .
< ZZ : s ll2" — [ + = max{||h} — h(2")|*}
=1 =1 v 7o
j=
M2k + — k2
+ ” M2 ” ||J?k o 'T*H2
96|x* — 2*||2R* & 962 RO ||z% — a*||* M2||2k Tt — k)2 .
< —leh’“ )| + ; + - e — o)
1 [
96|zF — z*||2 R* 962 RO ||xk — 2|t M2||xktt — 2k|2
[ 7 1
Then from [|z*+! — 2%||2 < 2||zF*+1 — 2%||2 + 2||2* — 2|2, we can get
96|z* — z*||> R* 9612 R6 + 2M?)||zk — x*||*  2M?||zFtt — 2|2
||xk+1 _$*||2 < ” H Hk + ( )H || + H - ” ||xk _$*||2. (49)

u? G jz
Assume ||z% — 2% < m for all £ > 0. Then from 1} and M = vR3, we have
2 4 2 26|k |2
< 1 “96R 2wk 0 10002 R% [z — 2|
432mnv2RS 2 432mnuv? RS u?
2
Imnr?R?

2t — o

1
er + ﬂka _w*||27
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and by taking expectation, we have

Efla* ! —a*|* < E[H"] + —[la" — 2" (50)

~ 9mnuv2R? 4mn

Let ® := |lz% — %2 + m%k. Combing and the evolution of #* in Lemma we arrive at

N 4
E[q)lg-ﬂ] _ ]E”IkJrl = H2 + 9mnnu2R2E[H1€+l}
4 n k 1 4 k 2
—— (1 — f) E —+ - |E -z
Imnnv? R? ( Tty R+ <4mn * 9) =27

IN

(1 — min {727 i}) E[®F)],

which implies that E[®%] < (1 —min {%, 1 )k @Y. Then we further have E|jz* — z*||? §£ min {2, 1 )k Y

and E[#*] < (1 —min{Z,1 )k 3mnnr?R2®Y. Assume 2% # x* for all k. Then from (49), we have

2"t — 2| _ 96R* 98V R° a2, 2R )2
EEra TR
and by taking expectation, we can get

9812 RS 202 RS
]E[/Hk] + VQ E||$k _ x*H2 + VTE”xk—&-l _ CU*HQ
1 1

k1 _ k)2 4
E [Hx | } < 96 R
12

k 2 pb6
. [n 1 1000v°R
(1—m1n{2,4}) (3mnn+1)7®g.

[lak — |2

IN

41



D Extra Method: MAX-NEWTON

In this section we propose and analyze one more method, MAX-NEWTON (MN), which should be seen as a
variant of NEWTON-STAR (NS). Like NS, MS is not practical and is of theoretical interest only. This was the
first method we developed, and all subsequent development that eventually lead to the results in this paper
started here. MS differs from NS in how we approximate Hessian of P(z). As in NS, we also assume that we

know all h;j(z*) at the optimum. However, we estimate the Hessian at 2% by H* = 1 Z HY, where HY is

defined differently:

1 k) e
k _ i ( T ol
B e }m ) = e D s
Above, we define ¥ := mfxx] h”E . Subsequently, we perform a Newton-like step:
JEImM] "I

gt = 2F — (HY + \I) 1( sz +)\x>.

The method is summarized as Algorithm [4]

Algorithm 4 MN: MAX-NEWTON
Initialization: 2% € R¢
for k=0,1,2,... do
Broadcast z* to all workers

for i=1,...,ndo
Compute V f;(z*)
Bk: — max hu(w )

JE[M] g (@)
Send V fi(x*) and BF to the server
end for

HkﬁZ%H%Z
J=
_1 Z
2 = gk (HF 4 AD) (; S Vfi(ak) + Amk)
i=1

end for

We now show that like original Newton’s method and NEWTON-STAR, MAX-NEWTON also converges
locally quadratically.

Theorem D.1 (Local quadratic convergence). Assume that f;; is convex for all i,j and that we know h;;(z*)
for all i,j. Furthermore, assume that H;;(x*) = p*I for some p* > 0 for all,j (for instance, this holds if
fij is p*-strongly convezx). Then for any starting point 2° € R?, the iterates of MAX-NEWTON for solving
problem satisfy the following inequality

e fr 1y )R :
ottt =) < (eSS ol [BEAE] ) ke

i1 j=1 ||au||

where R := max ||a;;]|.
ij
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Proof. Since Hjj(x*) = p*1, then hyj(z*) is positive for all 4, j. We estimate Hessian at 2* by H* = & 3° HF,

where

1 xk ﬁkm
ff = L {191 }zhm ajaly = P53 hijla)agal)

mJG[m] =
Notice that h;; (z) > 0, that’s why Bf > 0 too. In consequence, Hf > 0,and H* + \I = A\I. Then we have
”mk+1

_o| = H o (HF 4 1)~ (Vf(xk)—i—/\xk)H

- H (H* + A1) 7" ((BF 4 AT) (2% — 27) — Vf(wk)—)\afk)H

IN

| ) | [ 4 AL @ - 0t - O t) - et

IN

% |(HF + AT) (2 — 2%) — V(%) — Ma*) |

S IEE @ at) — (V) — V)|

LS - a) (VAN - VG
i=1

=1 j=1

1
k T k *
= nm)\zz Bithis ( a” (a* — 2" /hwx + (2" —a"))aija;;(z" —x*)dr|| .
0

Finally we obtain

1
ot = < B S5 o oy - [
0

i=1 j=1

Now we want to upper bound the last term. We know that h;;(x) is v| a;;||-Lipschitz function, then

hij(@*) — vl|agl|lTl|a® — 2*|| < h(a+ 7@ — 2%)) < hij(@) + vl|ag||T]2" — 27|
vilaigll ook s hij(x* (fk z*)) vla zg|| .
- Tl - < <1+ 2 —x

We integrate these two inequalities and obtain

1
(% k _ %
1_ I/(Mj')” k —2t| < /h”(x ZT(JJ T ))dT<l—|— I/H(lw” [£% k

< —z*.
2hj( ij (T 2hij(z*) |

0

(P Rk (%)
Let’s denote j¥ = arg m[ax] {%}, then BF = " J;(x*)' It means that for ¥ we can write the same two
JjeEM v ij;

inequalities as above

el |

Vlags |
B ok — o] < B <1 gk — g
2h ()

b 2hye (@)

Taking minimum and maximum in two parts we get
v max [|a]| v max [|ai||
. lo* — 2| < B < 1+ g—"——s||a® — 27

B 2 min h”(x*) 2min h”(l‘*)
%] )
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Using inequalities for BF and for the integral we obtain

max [|a; ||
ij

K k| < Vll® =2 [l
Y — hij <
|55 = hu ()] < 2 min i (z*)  hij(x*)
ij
Combining above and (51)) we get
k |2 nom max [|ag |
N | 2 () | il
o =l < =5 om 33 el hu @) | s s
i=1 j=1 ij
hij(z*) max ||a;;]|
ot =2 g [Pl
[las;]l . +1,
S S [
where we use inequality h;;(2z*) > p*. O

As we can see, the size of convergence area for NS is larger than for MN, because NS depends on ||a;;|3,
while MN depends on |[|a;;||* max ||a;;||.
0.
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